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Q IM f I f I Q A i M 
tmtwtmw ** liiift b««tt Munri^ out Igr ^ « ^»4 QMiu^ AX*» 
• r i g l m l t^mmittth. work «^ iUl Z 9«e«eis9ftaA 16 l^r ttonslAmitloa 
• ^ 
^ .1 \. r I- c iu 
lb* pr««!9nt tb«0l3 i s be Ins mibeiltted tio /tligsrh lusl is 
tTiilv«rei^,Alis^j fcf in pe^rtlal. fQlfilstent of ttoe r«coirit»«&ta 
for the 6,estee of lioctor of ililoaophy in statist ice, 
I hereiiy wlifla to expreee mf fieep eense of gratitude to 
ay fiajpervlaor ir, i^eS :'bBe«!a /l-si3, for tlwr ijzimluable ^piiteiioe, 
ontirlfig eBgjervlfdon ami ooiietent enooiffagtstjont whlcfe I have 
received fror^  lilts tlsrou|3N5o6 EQT reee^^oh pTogrnraae, 
i aiB ?.li» Indebted to ;irof, :i» L^ . / l l ??fie. .fr.iiim tllah thtmt 
Her-a, UipfBrfeaOBt of .'^.tletloe, Alls^ *rh L^ uellm riilTrrelty,All^r'b., 
for protlfilnc ty^ aeceer? ry faoil lt lee, I itis grateful to the 
C^unell of sclc^atifio and Indiaetrial Reeersrch &t\d iinlverelty 
Ornate CoBssieslon fcr awarding aie reoef-ych fcllowekipe, 1 aleo 
wlcfti to thriGk C37 friends and oolleaguee for oontlnoa^e encourage* 
rnent. iSiacks E^ O aleo doe to tT^ !hfeee -Slvi tor his efficient 
typing. , ., , K^  .. 
kua-VE msL^ vmri^'^sin {ij^m) Q^mm AIM;: Mzn) 
Vt <}. W i 
Tbsi w©rk rep«rt«6 i a tb le si.delo coverES diffe rnt gispects 
©f Stfitl«tlOftl XufereaD©. I t ie s^ead over five chapter», of 
«kl6te (^mptm* I ie of liitarodoofeor '^ imture, i t si"«« a ^ l « f 
oot l iae ©f *«ye?ilfttt i^oliit EstlfflitloB aM ©OIIKS oth«r reeultfl 
a i ^ ld«a« for Xnt^r r«fof'*^ne«, CSxaptor I I 4<»cle with th« ••t la»^lon 
froe o^m-^rext^yrte^ <lnta. In ch^pt^r I I I t-. Biip[>fim orobliw for 
!-^gntlvt racpK^nf^tial distrlbotJi>Ji feme been ^eos'sidored. c:!hapter IV 
ettnt^ifm R, oofspnratlT© futu^ of -Ji^e^iftnt atxiEUE likelihood iuD 
cwa Binliaisi ^^I '-nee ufafeir^ -sea (r:W) MI& posterior too do ootliaUor* 
of (l«f«rp.U8«d OoisT?B distrihotiott* Chapter ? deals with power 
eto^ of sone Ooodoftss of f i t toetSf h^esd on a|xicin,?e or prober b i -
l l tgr Integral traniif<««t f«r iraall op^aples. 
In fliftiv appll^it lona eaeh a© l i fo t lae of &£ iten« one 
aa^ legltifflfttrly ©xpeot t h t tixm cbaervod or reported data are 
0Ter«4tateQe»te of t^e tru« l i f e tlae« In cimpter il^prohlesi of 
oTer«*ep€rted dr tft i s eoneidered, Bse peraijeter a«r dle t r lb tion 
ae l i f e t l ^ dls t r ibot loo aad one pari^aeter oimi-reportijig d i s t r i -
tmtion ere oofiaidiered. I t lo aleo aeeiiJiisd l^lhat the {nroportion of 
( I I ) 
oirer«reporting i e it^p^n&ant cf tl^e true Uf9 titae, imxlotm 
Uk»lihc>od (5il>) B©tbod i0 ttMd for ©etiiaBtlxsg t t c parKEwtera, 
:ha r e s u l t s r©-)0?-t«S in tl^ l^e cfefipter are t© apy*^ '»" ^ '^l»ia» 
Yarub and ^l«Vl (t9f>(). 
Chapt€-r 111 dttsle with a eUpi>ag« prol^lae for i-esatlve 
E'arrsonential diotrifejtion*.'' o l i ppa^ problerat l a eaf^neet ! • 
the problem ©r u^elOing whether om of the m^eff popul&tlone 
tofs slipped to the r i ^ t (or to the left) ef feht rtsfe ana, if 
so* which OS© V {JptiBue alij?j>es& te^sie for i^^^tive ivxpoa^ntial 
dis t r ibut ion 'UUfCf)t wteton eitbor or t-oth t,he pfetra«€*teriE! ar-« 
onknowOf a r t obtfiiiiod« IM© wtjrk wil l 0pp« r in Alaas &n4 
f^lsin (19Q< ) • 
Chapter IV i s a «t«4y of th9 Deyeeif n etstimatlon of t\m 
seals niid oliaps |>arf:^ fflet©r f s r a iiS«isrr;li«e-a Omsst® dis tr ibut ion. 
Bcyes r i sk of Iteyeeian rioa tsot i'Z cum "^Sn and vosterior Taod«» 
oetipstitivs estljs^tors of tbs seals paraae er nre obsainsd, 
"lapis Rumerio^l eoi^mtf^tioiis gl te iKt<B*sfiftiaf I n c i ^ t into 
tbs st^psriorlty (tmdsr tlio aenai^tioc aadci) of the Bigrss 
sstlaiator oTer the olasoic^l i>?l» mm i:W MIA i'Osterior Mods 
oa t ic r to r . 
( III ) 
(aiapt<sp ? cofttnlRB til© eerapp^ ra'tiw sSu<.ly of tfc« traall 
iiaapXt powers of etooo wt:ll«4mown goodR«@e o.'t f i t tesete. 
seae of t!i#?^ teste iar« Ijeistd ©n i^scingSf others IGUDIV* 
the prob^-blllty iRtCiT :^! te^iiafoxns, "MG uhl»c<|tis^ « goodnte* 
of f i t t«Bt feas not b«^ B cansideraa (Hthoagfc i t ;0oe«>«s»B» 
o&iJiy optlama proportieo) bcoaue* of tfee loas of Inf oi mtlon 
due to grottplRfie, 3i« po^  iro of tb© teste have been Cfirried 
oot t lrou^ cc^ttter olrmlaticne. An il'^.ustrrtlihj oxstr:^ !*, 
tteit ojcplmlns the procedure, le txlm Slvsn, 
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CUE 
(iMiT) 
Cia?BR - 1 
prellia&iiBriM 
1!ie oBin object of lshl« olmpter le an octlio* of B y^w 
•etimtioa aod tb« oboloe of prlom. Tbic oi;tlln« gt^mk la 
eoetioc 9» ie laroooedofl )»y a triflf dMerlption of ttm n i n 
probeibUity oo^l usM in tbo adapter IV. m sliall not ettoiqit 
asar d»fi9rlptio& of tbo otiier weill }matm. doflaitloooi oeneepte 
and FOoQlto of ITobabUity euad StatistiofO. ZjoferoBoe, Conoepto 
^ob as random irarJablos» diotribution foBotiloiit probablll^ 
AoBsit^ ftmotloii* expeotationt in&mptmSmoce^ mximm llkoiibood 
and ffitnlifttyi TfTlKitce Qofbiaeed eetisiationt ooitsistoiit ootlaato 
and eoffloient statistlo ate abf^ ll not be AieioQGatd. 
A natiral sxtaasion of rngf^XXv^ Expomntiel distributiofi 
ie %lM» Qaacp diatribot;lo&« It ie sosieUooe ooiaoidarod a& a 
oodai iB lifo tooting nroblotto, b^a Cteitm diei^ibution ia 
dafiaad by tha irobabilitf daneity fonetiott 
< 2 ) 
b b 4 
f(K|a,b) • (a /rW) X ffi^(««x}, © < Jt < « , 
tsliere & >o i s ^ e oeale paraf»t«r and b > o i s ttm 4)ap« 
p^moMtttr. It s»y be noted th t It & nmaofi irarieble x faM 
tbe Qmsm distrlbutiea tb«ii T « l/t b&s <^3 inwrted QUWK 
ditstrlbiitloa 
g(y|a,b) • (a/y) wqiKWir)/ar(b). 
If £ i s » riiadim fioiriabU witb d^uHlgi' f(») aad 
oa ^le left at a and on tlie rUSbt at b la S£««B bgr 
^bera l^^ ^)^^^ » 1 If x e (a,b}» o otker«l6«. 
Dbe aeosit^ of I trtiiies%te<! on the left ^^^ t^ « is 
(f(x) X(ft,..)(x» / (W<a)) 
( 3 ) 
.^lall^ljrt doaai^ of X truooatefi te tbe rijstit of 
b i s givott as 
( f(«) X ^^(x) ) / F(b) 
A uersiB}, Oiolribixtiofi tUmt i s triuieatod belo* C la 
dofioid io Sttneiits f cv» as 
f(it) - H^) / < $ ( « ) • $ (c) ) . 2 ilXx). 
3ta» fassily of dletrilmtioika %• 0 C 11 » ie said to bs 
infttrinat oadsir th« ^^op of traiisfomBtions ^ » if tor ervrj 
g e ^ «ad fi'9ory d € i l tters sxicts s oniqes 0* € J I soeb 
tbat tbs distribetiwk of g(x) i s ^von tqr p^, 9bsnsv»r tbs 
distaribatio& GS X U ^imn br ?Q« 
4«1» jatotteiR^  |if^mtf|> litt i l bo a mm^e gpsoe ontf ^ « 
( 4 ) 
a ITOiip of traJSAfomKitlons oB J7 • ^ fttictiDfi on r(x) on 
i s iaid to be a yMtto^ ||gyari£iif{ w.r. fto i? If 
(a) (inrsrlaiio*) ^g(x)) • ^x) fear all x e i ) acd g e {^  
(b) (Sisucioali^) Itxj^ ) • It Kg) lE^Ue s^ • gCXg) for 
«0B« g e /;^  
eoaditioB («%} ecijro T i s ooiust&st en erbits^ «ib«i #^ tt Odnditien 
(b) My» ^nt oi^ oh orbit get» a fiifi^^cnk mUft* tbat lo , r 
dittitsk^iaiboo orbile* 
i t d«fiaod to b« loQAtioo^iai^rl'^^t if «ad ot^ ly i f 
t (« j • e^2 * «§• • • • S * ® ^ t(«j^tX2i,..,XjjHo 
flir a l l mltioo X|f S2***** ''n ^ ^ ^^ *^ 
i« dofittid to bo 0^40 i»mriaBt If aaA only if 
t(eS|^»09lg»««*iQX||) • O tCXi^fX^*****^) 
( 5 > 
bo II intepeadeftt and laontio^ly diatribatod randoB iRtriablee 
from 8 dofieiliy f(x)^)» © beloage t o i ^ t ih^re th« fuaotion 
f(*f0) ie B^omsmA knomn exocpt for 0« 1li« pfobtwn te to t s t te te 
a iq^4»ifio ttsmtinB ^C0)» Use asyeelikB apiiroaob to th« Mtloitioa 
of 0(e) a««eae» tb* exioteusfte of a prol»tJill1ir dlstrltrntloa on 
Xl * ^^0 probiibUilar diotrilHitioJBt ^ociiiod by & eeiq^lotoly 
knovs pro^bi l i^ doAflO-ty tvmtien g(9)» dftoeriboe tbo doi^M 
of boliof In stooadblt pej^ tm .^tr valnts priler %» aa obMrifttion 
bolus mdo» and oi^ nooQtioatljr i t ia oaltod a g g ^ d4«^ibttf,ffi^ 
Urns tho ttiie:!4mpa 3 nty bo aoaeia«>od a« Hso raaliaod m^lw^ 
of awM raadoEs far labia a i^oe irabeblll^ dacaltr feaetlaa 
g(9) la 1ciK}«ii« fbo ailitloaa]. lufarft^tion of litoeam g(0) eaa bo 
ine^poratod into oatJaatioA proeederoa by neaaa of tl&o 
poo^RTlor diotiibatlon of G given Ij, « x^ » c^^  « x^t.^^tX^* i^ 
I«t 
n 
g*(©)ij,X2,...,«^) • «(©) ( TT f ( « | ^ ) ) A U j f a 2 , . . . ^ ) 
• " • 
. . • (I) 
( 6 ) 
C (9tS|»X2*•••• '») " ^ ^ iBft«rpr«%oA at dOBorltoiog «a «Kp«r|^ 
!s«Bt«r*8 d»^«G t f belief in d i f f ^ t u l poeelbl* mliief of 0 
a f t t r ^M) ebaerwtioas X|f >2»*«*t3^ ^^> ^••lA wd«, »aA 
MABtqoennr i t i » o^ll^A th* f f t | i g | ^ 5ll8&toSIS8 ©^ » 
(aeowrAiiis to ? r i ^ denei^ s ( * ) ) * ^^ sui the SBOplo obionmtioiyi 
oluiji^ o flooiaioB •&kar*8 do^roos of boliof by obaBgiag A prior 
dlotribtitloB Into a pooterSer dlotribtttion. 
IHrobl«i lo to ootlaato 0(9) on ^ e baelB of tbo raadoB ofta l^o 
\9 ^ f * * » t \ i^ nd ^10 prior doneilgr g(0)« Lot Ut§9) roproaen 
^ 0 Uoo Saoirrod I f ^lo dMoloioo mlnr ostiaates 0(6) to bo t 
i^ i«& • io tho aotoAl roaliood vi&loo. f^ >r QBST oetii^tor 
^C^lt ^ • • • • 0 S^) 
g O f ? ) - % (l^it3^»iC2t,..,y,«)) 
• / I(t(X|»X2»,..,z^),,9) 7rf(Xil«)*ii.«« 
• ..(2) 
( 7) 
foaotioa Ii(t«a), ^id •atiftitQare '2^ MSA i^ ^ oottld aov ^ 
oeor^rea bj locking ^^ t thi»$T ree^^mUre rMm ^A^9\) ^lA 
£ {^^^t^)^ pevi&remm being glvoa to thrt 9t^i& tor willi 
OBRller oeaa riife« la geii^iil. tlie Tim foaotioiie as ftmotions 
of @ of two eetisrtors e»^ crosot one riflE funotion boiiii; 
aa&U«? for ootso 0 >'M liui otb^ ooallor for otbor 6, 9ita» 
oiaoo 6 i s tManavmt i t io diffiotat to aalco a ohoioo botwooa 
the tao ostie^tors, x^e diffiotaltsr ie oaased tor tfat ddpoaaonco 
of tho rioir foaotioa oa e, A aatts*.)! ve^ r c»f reaoviag tbo 
dopoadcaoo ot the riofc foootioa oa 0 i s to a^pora^ i t oott 
oaiag %)» Vrier doaoilr &9 ttu» weitfit fno9tioa« Iboa 
T\n • EJ ^ (Qtn) - / (^  (O.1t)g(O)a0 
i s oall«4 tlio g ^ g r|fl| of oetlffir tor f trith rospoot to tiio 
lose fmotioa LCt»0) and prior doaoi^ g(0)* Sabotitotiog 
fTott (2) aad (I) ia Urn abovo imftog'ra a^d d^uogiag th0 ordor 
«f iBt09riitioa« oao 807 arito tM B^ yao tUk as 
r(«*) • / ( A<t(S|^,a2**»**^)*^)S*^®K«^******B^^) 
*i(*|f*gt«»»»*||)**^»^gt«*«t*'jl • • • (3) 
( 8 ) 
B B J ^ Tlgfc of an «i)tle[?t«r ift a rmiX mnberi m t«» eooqpetiiig 
•«tla»%0rs e a be r t a d U j MHVored taor ooqpa:riiis «h«lr r«8peotiY« 
sw&a riiics* mjjryi <^y%^^ of i^ (@)t wit t ;r#epeot to tbo loss 
fottotioa Ut^O) luid prior dmeilir g(@)« isi defia»d to bo tbot 
e« t i « lo r iRlth ftoolloflfl Boroo riflte« limm iS om kaems liio 
oorroot prior aiotribotion « M eoc^to tho eritcrioii tbot o 
boot eotiRrtoir io oao Hunt •liiiisi.goo tbo m^9B riokf tfaon tbo 
Beiyoo ootlttitor oo^rof^odiog tc the kosva prioi' ^io^ribotioa 
io optiMiM* 
&iSt DBS JSlft gfl*^^^^ jgqff |^ 2flfi ilSiBfiy^fi* 
gio dof lAltioii leavoo tlio ^Afoblott of !»ottiolly tixOittg 
tho Bayoo ootlartor of 0(d) nnaolifoa* ^mt ** gff«Kr<^ frror ** 
l o w fOBotlos I(t<x^»S2f«*»»*||)i^) • (•C«|^iac2i«.*»«aMC®))^» 
f If i i iag tbe Bayoo ootSaator io ^ t o otraij^t fbr\s«rd« Eoro 
(5) roAwMMi to 
ll(X« fZMf • • • t ^ ) ^hk f tegtvict^ib^ • • • ( 4 ) 
( 9 ) 
%tm coiiditiof»I esp«e1ui^ lon of ^(0) witti r@Bp90t to th« 
in ealoole'tlag 7 Ctj,i%^t«»«f^)» ' ^ a»7«(> TUSH of Betjcs 
«lir«r« t Sft2Jot«e the vnrlaneo am ]|^ th» e](|»eotatioa vith 
¥ftt^ )ee% ISO Hm '^  tamrsin^ ^ " joint irolAbUity ^o&sl^ fumtlon 
< 10 ) 
• f ^Kt aajTM •Rtlaatflr of 0(e)t aider fttxm Bqftmr^i mnettt loss 
• f tlw posterior of ^ (e) . 
?«i&'tlcr cya& Femsieflr (1974) etoaiad i^areto lav ftroa 
ptopcftif iml«tt8» o»» BP^  legitiJR?teX3r «sp<rot tslsi^ t tli« olMitrved 
or r«|«rt«d datci «JP« taaaerotfttesieiitc of tii« itrc* TitLc^ ir ef tho 
»B!riaH«»*«» '^ iEiaLRr i5sstsii!««??a<6if?st «?,^ f».^ t thm :^e^l«a of oi»»r» 
r«st.'»£'t4i *J-t« n&r ti'^o'ls^lF *it% y^SjT^t *'C? l i f e ^Istrihe^lono* 
Xttt s a@aet« '^^ li£« IIJ^ of tun e^piia^cl ^olXooias 
f ( t ) •• (p/«) (V&) » c < t i a . , . (I) 
( 12 ) 
wbo^ o p,a > e, Aeatsne tliet f is mmhgmrmihl9 but i s 
related to on obM rfabl« (or reported) iKtrilable 1 according 
to tlio fiollo^iag o^oatioa 
islhoro tt Ifi tteo proportion of •ofer«-reportlDg«» Condition 
Q 2 ^ liqpliofi tbrtt X io D0WP en under at teeiont of t« 
?o dh0l\ oonolder the probteisi of oetlsrting the poraattero 
of tbe dofioil7 of ff gi^n by <X)* £roB a ff&otoe aaaplo on 
X« asomlfig firlfeer t irt r XB iad0|>eiifieat; of f and to 
diotribotod with irobabilltar donailgr fctnet'loD si^f^n by 
3^1 
g(o) • XCl/n) • X > 0 , 0 2 ^ •••(5) 
In sootlon 2t we di^ rlve ttie nsoondltiijBBl p«e«f. b(x) 
of X which wo ohall reqQiro In anbaof^ oeat ooeti^ofi^ 
Xn aoetion 3* wo obtain tho t^ximm lifc^liheed (Ml*) 
oetianteo of tbfi pomsetcro p» X and a so well oo tho 
roll&bility of tbo ooraponoBt at ?* gi^a ti;^ t . 
( 15 ) 
m «ct«ii8iofi of Hwtlflijr aad Bem2diar*(i reeoXtf tet 
*uiiifom itiiA@i>r«pox i^ag* t i« oomi&sred in motion 3« 
1% mj t»# Mted ^ftt «>8t of r»9Blt» olrlsiMd lMr« •»• 
etsUar to t^se of E^xtli^ and Ro« i^d»r (1974) • It U r«»rtebl« 
in TiMr of the f ets tli&t ( i ) ^ e Oistribtttioiui tbat «• ti^^ 
oon»id«79d «rc Siff«r#i!t jhrcn llioM oon«J,aefr«4 %gr Bortloj and 
R«fdiik«r (1974) and ( i i ) wt do not r^ sABWi ow-ropgrtiais to bo 
dopoadoat on ttm troo mUie of the lifo tlao, 
Zn rims of the aaouBptioa of ioOt^fiO^me botoooa t? and 
Tf tbo ^oiat p«d«f • of r ^.oA f ie» ^Ton t^ 
f^Coit) • (pd/fl^) ( V B > * fC < t j^ ajn 2 X . . • (4 ) 
roJag (2), ttio Joint p,d.f, of X nM T l« gii«a tqr 
f^Utty-CpVs )( t A )• o<t^Jo<i< •» ...<5) 
( 14 ) 
mtins ^^^ ^ i * ^^ X < «^  tH^ sKtrisliistll |>«d«f« of X 
Bar It ^ a» f>9 haT* 
h|(«) - {pV« « ) / t dt 
froa (6&) i t i@ QXmr ttx^t i&m troiiDated distribotioii 
of Xf trtsfloatad to tbe r l # t of «et ie tlie aaeso r,s that of 
f« i^eowr, Prob (x j ; a) • (V(l^A)), lallnrly fw x 2 ®t 
• Cp/(p<^X))(V«> v^'«/6)l« J «H) «..(€b) 
F^«»$9) i t ie olotir th^t tbe tnmcated dlsiaribntioa of K» 
( 15 ) 
troGecited to the loft of a» ie tbe mat ae tSitnt of r, 
^^oef«*« Ttib (x Jj a) • (p/(p^.\)). 
Comblnitt^  (6ii) and (6b) tbe |»»^«f« of X ie aeen to b« 
h ( i : ) » . . . ( 7 ) 
3. S!?2IMA:i0n 
:• efhall beglA lay ooii8M«riiig tbe oaee of •etiniitiBg p and X 
«rben a i s kncim* KfiosiQleda* of a viiXX lidip iia elasaliyiiig th« 
0^a»nnttloQc inlie «3i9 a|>pr«pr|eit« Jois&ia ifo tl»it t^e proper 
p«d«f« le a»aisntd« Xa oeso a i s wSasomtk^ «e tanst alio ••tin&t* 
a« !l»Uoeing !1sr«l«3r ^M MnasOtm- (1974) f9« obtain !I«L, •etinatM 
in bftth oacMs* 
^•^» y^ff ^ ^g^HiSIM^' ^^^o^^^ (k renxlNB een^l* of a iM 
( 16 ) 
(a), 'Stm mea^te a l l ies &te dletljaot eaa tito aem l^t «!•• i s 
le3>g» ea>u^ to wmxet tbsit « l ias vUtin tb« eiaaibl* 
(o)« Al l ^10 ot>e«n»!fttl«2s^s arc i«38 t^ Aj& e:** S'QIMU. t« e , 
is coQoiaor the three po@£»ibllit|e«t ec^ iiArately* ea 
feLl«we« 
(a)« '^pooe that e i s cocitai»94 IA the ii(t«T<tf&l ^'(r^'^d^l)^* 
r • lf2f . . . f i>"l« l^ea ftoa (6a) atsA (6h) i t follees ttet 
firet r ohsermtioost *(%)t S(2)ff**«» >tr)* ^ ^ ^^ '^^  ^a«n 
free tlie pepel^tioa following p«d*f« \M i-sA leet (iMr} 
ebeermtionsf s^^^l)* *(r*2!)»»**» * (»)• *^* ^ ' ' * fe^Cx). 
I f a ie itoowAt ^ ^8 isaneeiateljr dtesreiiaiid, H»iiee «• 
ena orite tbe oonAitieaiai likidLiheeA feoetioQ as* 
r a 
! . • aiC TTfc^Cs:!,)) < Tf Mx^ ) ) . . .<t) 
C 17 ) 
%€re t^C.) aesd ligC.) oj^ a® defiiMfi in Urn) and (6b) 
'Vl<'^>W 
9 T ^ p"4. rp 
L« ni (((i^X)/(p*X) ) ( TT (XMO / « )) 
(((px) /(p^x) )(o / TT (X(3)) » 
X(iMr)-rp ^ n JT, P-4 i . X*l 
• »*« ((pX)/(i>»X)) ( Tl (X/4O / 7 T (»/o> 
Use leg likelihood faBotion h m^ bo «ritt«e aot 
• loc &!'*^  Q loS P^HX l&g {p^>^hiU»^)'^) Ug o 
IP A 
s log (»*.sM^«*l) I • (p-l) j : l  ( ^^ l)  log (X(j)) 
Differeoti^itiiig L* parti&lUr w^r t^o p and X and oquoting 
tho pcirtial &9riir5tXvee to serof ^^  ^ t 
( V P ) - (o/(p^X)) • A ...(%> 
(A^X) • (VCP*X)) • B •..(9b) 
'^Msrop 
( 18 ) 
>: leg im/ « ^ ) ) and B • r *^»^*(3)/«i> • . ,<l ' ) 
(9e) ana (9^) e©n te« retsritt^ii ao 
Ap^  • i^^ • ax • 0 •..(9o) 
B3^* apX-np • 0 . , . (94) 
S^brtitutiiig 1 ^ mXf» of X iA (9A) and elf^llfyisgt 
i^lviat tfa» atev* qwdr^feii: CQnatioAt i»* get 
P • <i^ fA (fA • ^B)) 
A 
X • ( i ^ fB (fA • fa)) 
«tli«r« *W9 Toote aro takca. 
. . . (U) 
( 19 ) 
R«liabUitj of tbe oiiiiipGient^  in this eaMf ! • 
A 
r(t^) 
l - < t ^ a ) ^ • ® < *0 «^  • 
0 0 otiiffirffiae 
(b)« If all tha ottfserT'tlona arc; graater i;h&& ct ttia anlii'a 
oeiBiple is §BV<^ aad bjr ^ a p.d.f, ti^ C*) Stvan by (6b) aaA tfaa 
ooafiitienal Hkelibaod fofiotioe (coaditioned oa tha avant tbat 
I. « n « (pVaCp x^)^ ** TT (^x^) 
l>iff«rantlati]ig log L i^^tlAlly w»T,to p and X raspaotivaly 
and aQoatiag %ha partial, dariimtiinea ta aaro, ira gift 
A 
(ti/p) •(i^(pfX)>»C and (iV^)-(iV'(p*X» I lo8(x./a) 
••.(12) 
i^lTiav tbe iibora aqoatiorks* wa gat 
i 
P | « « a M X | « ( V K l e g (s^/a)) . . . (IJ) 
( 2C ) 
S»tl»>te8 obt&itt&d hfsr© « • obt .^ia»^ froo ( U ) ®l»o by 
noting tlmt x^ ^ a \ « «^> ^ " ^ vbioii in turn i^pUM 
Fartli«r« nota t lrt p -^  •• tapliee that t has oingaliir 
Al0tribotioc fuaetion, i«e* 
9 F(t) • Tob (1? < t) • (V«) -
I f t • a 
0 • t < a 
In eocfo a ease «e oonclode ttmt the troA l i fe tloi of th« 
•<}Qip&B&t ie o with probability one and i t io ^ « distribtttion 
of V that ie Boedod to explain the 'ovdrHreperting* • &loo 
p - • • laptiofl (V(P^X)) - 0 and (;/<p*X)) « ( l / ( l* (Vp)» - l» 
•0 that h(s) « hgCx), 
roliabitity of x^e o^oipiiontt in ^lit enm^ i^ giron by 
<^v 
I t^ < « 
0 othorwiM 
(e>. It %^ ^n } ^, tho ontlro ni^>io i e S(»vernod by tho 
( a ) 
thla Qfim^ Is glwB bar 
Glf'"«r«ij»l-tias leg X. partially ^.s*. t» p n^d X reaiMSOtlvely 
and 9qmtim «li« pi!krtl«l deriWitiwa to v«ro» w« s»t 
(i^<P*.\)) - (fl/p) • 2 U g ( V « ) •..(14*) 
(H/X) - (i^(l>^X)) • 0 . . . (Ub) 
solvia^ (14A) af}d (14b) 9 «t gtt 
a 
Pg • (H/ t log («/a|)) aaa Xg • «» . . . (15) 
E8«in«tee obte l^aed tiert &f obtiiimble tron (11) >%1» by 
aotiag tbat Si^  ^ c \, |^  lapll»s r • a ivt:tioli in «ara 
isiplies 3 « 0, 
X 
!%>*# aleo tbat X «*•••>"*«> ?(u) • M V » ) -• 1 • • 
( 22 ) 
c -• «> t,«» th« aiote'lbution of r i e eingotMT and ttoat 
the distrlTmtlon of * i s the enae cs ttiv.t of obwsrvad 
vsalots, and th<re app«?ini to be no ove? -a*flp*artli\» ae auofe» 
KuE'eevw X"»« «»•> (p/ip-^X)) -• 0 i^ad CVCIH-X)) • 
(l/<l4.(pA)) - I t 8© that fo(3B) ^ hjCx). 
» «lict)ititiir of ^30 oqulpoeiit, i n thie eaao» i« slvtsn by 
^ 2 
- C t ^ a ) ^ 0 < l;^  < a 
Kt^) 
oth«i*wie« 
3.2» C g^g I I (yttnfceourg). I t ie oii«sr to eeo that tfoa 
If lire do not kjio^a »» i t i s e t i U t r u e that tli€ro wi l l b« ooao 
r for i*iicfe X/yK ^ « ^ *Ci^l)* '^  " l f2 t , .•fa»»lt jrovidcd 
o^iaple flise i s Inrgo oncv,^ FollowiJi '^^  laai'tley &od >iemiilrtr 
(1974) i t era b© ohowa tbcit Ki e e t i a te of a i& ont of 
tho eas^le vs^lnee x^t Kg*«»*t *^» ^® ettiiiBte o i^a bo obtaiasd 
by o^oatiag • fii * fB for vsriouo (saaiplo v^looe nad ehooair. 
tbut oa« wtiiefe mxiaiaeo "• cnoarly p aad A aro 
obtaiaod by uolag (U)« l a othor vrordOf iif a * %()c)t ^^ *^tt 
( 23 ) 
" « l i a t i l i ^ of tiie efielpiaffintt In th ie cais©, IB glv«n by 
^•<V*(k)>^' * o i * 
<*6> 
(k ) 
f OttKsrwiac 
4. ST i:: 'iGAi, ?i>o,-ariis 
Jbr p and X ec obtaiiwdi e < Uer afld -Iven by (11) 
I t C-'-^n be esliofm ttiat 
/ » (a5/^(lHX)) «md a-(f^ij/Mp^X)) . . . (16) 
Purtber, the jo in t p,*i»;r. ot X'D r£$.y be v'srii;iicn ae 
a 
L« n (P>/OCF*"X)) &xp ( ( 1 - ^ ) A » ( X ^ 1 ) >) 
So thc?t A and B are jolaUjr eafficlent a t Slet ics fot- p and X, 
( 24 ) 
r 
leijice, in ^i/Ki of (10), y and X ^ ''- also cuf^ictent for 
p and X« 
?*t« ^ ^ t (A/r> Is t i e ' r : t b ; i t i e raeor* of l€»g(oA/^^N)• 
I » 1 ,2», . , ,^ , wfcer«a8 (B/ ( iw) ) I© tfee f?teaa ©f l o g ( X / . ^ a ) , 
3 • (r-^-l)* (r"f2) , , . , , i i , owt fyoo b^(*) of (6(i) w« fenow that 
P-X P 
f(x|x < tt) - p( X / c: ) 
In oraor to fl?id opt the p.cl.f, of log (a/x^) «S«fli»o 
y • log («/S|^)« Inrercjo tran-forcrt ion i s Xj « o e"^ and 
I dX|^ l • a t"*^ dy. Kenoo 
-y p-i p ^ 
tW • (p(o e ) / a ) a e 
:^b9tltuting ttie ^:ilu« of y iii the abow •quation, 
»• get 
f|^(los(aA|,)|0< Xi< «) • P ®cp(-p log ( a A i ) ) 
Slsdlarly, fs*oa hgC.) of (6l>), wo ecn obtain 
f2(log(xj/«) |a < X4< **) • X «p(-X logCxj/a)) 
( 25 ) 
Uias the loma^ bracket Ulfe* log ( o / x ^ j ) aad t^  © epp«r 
tsrc^cket l i f e log(x/av/a) l)ot*i follow Hegpti^ne exponential 
diotr lbat ion wl^* pca»ia«tere p r^ .na X Te^>eetlv©ly» 
vlOO* 
and 
VerClos(a/x^^)| c < x^ < a)« ( l /p^) 
Vr-rClog; (X(j)/c)ia < x^ < »•>» (l/X^) 
So t^-^tf 
Sih/r) » ( l / p ) , I f e r ( ^ ) « (X/rp2) 
p l i s ( \ / r ) • (l/p)» p llD (I/Crwr)) « ( l A ) . 
( 26 ) 
sltjspllfi ?5ti3n yields 
• * • 
p l t e p ( o ) « p t^ .»<i p H E X(« ) » • 
j ^ e p B M X are ootisl<:,teBt estifflr.tcr of p and X. 
Consldet Hiw the ertiis-tee ol^ t* iia©d la tlj>). wonec cuent 
ttpon p - «», * a f:, we notr t t r t Xo,::(x<./cJt 3 " l » 2 f . . , n , 
follows Ke|?;:tlvo litponaiitlal dia.^^lbutlen wiUh pftrn-csetur Xt 
A 
eo tbat :. Iog(2£4/a) follov^s a Cfeasaa dlstt Ibutloii v^tfc 
A. n 
pffl-f^ cietc- B n ftjid X. iienoe ,\, « it^ z lo'T'lx./o)') follo?i?8 
^ 1«1 ^ 
an Imrvrted QRaiie distr ibution •dbom p.d.f . io '•.•Iveo lay 
S (}^) »((aX> il/>x) A^R) exp(-nV%x)fO < Xj < 
I t l6 eag^ to &@e tb&t 
i;:(^) • X and V(.^) - <X^/(n-2)) 
' / • • • / • 
( 27 ) 
r.iJ3ll'*.rly I t C'n be ^own thrt pgt ol3tr.diied In 
(15>, also provides p^ e© an ttnbii».e©d ectic^stor of p 
with Trriance equal to pV(»»2), ^cr© Pg *» (in-^)/n) pg. 
Hartle/ ftftd Fomnker (19?4) h-ve rtudlefi ••''•'.r®to law 
fross oJ5d€r«-r0perted dbtct, Its^ isy oorieldr-©d 
CHl 
Pyis) • Wm)iw/y) • y ^ %' 8 > 2,o > 0 . . . (17) 
to b€ the truo dletr lbet lon of the •correct d e f e \ AEPOiBlGg 
tbnt T le tinobBerweible, bet lo rein ted to fm ob»^vv;;fcle 
variable t according to tfe« «cju-.tlon 
Xmy^Q^)^U< y . . . (18) 
where r Ic? ,rn ooe-ol^ed obeerv^-^ticac'^orror, they considered 
the pi^portl n of Y wi:ich i s uader^^eportt'd, to be diotribut d 
}v«»l 
PgCw) « X<l-w) • 0 ^ w ^ I , X > 1 . . .C19) 
where w • («/y) • I • (x /y ) . 
( 2B ) 
G partloul^r c i fe of (1-1) with .\ ® 1, 
the jo in t p.a.f. of •( ana F i?? ,::iTCn ly 
fg?**-) • (V(«*u)) P|(^*«) PgCu/Cx^Kj) . . . ( 2 ) 
for c < n < *» and 2t*tt > n , 'JMur, th<§ p.ci,^. o* x consiste 
of ttsro p.^Tt8» 
?or X > m '^ e tar© 
g^(j£) » / fgCsfU) au 
o 
(HI 
o (0/m(O«-l))(i^) .,.{2 1 
tlBo for 0 < X < m, wG laavo 
^Ct) o / fp(x»is) <1te *> (0/ai(0^1)) . . , ( 2 2 ) 
( 23 ) 
I t 1© interfirring to mt- t!i-t tlic dlatr;it-utloo of 
X -'« .^ iv©a l3sr (21) awd (:?2) ie aimlcgan® to th-xt obtJ ;^incd 
fey ^ f^^ rtloy ftu^ nevacker (1974) • 
AGS regnres the estisrtiori of pria":-Bjeterf:, <^ oeaoicfer feh« 
caee of m bolng teowa. la ttfc-it oaoe tbe likelihood function 
6AJI be writ tea a« 
L.nj^TT g,(x,,p^JT a^ Cx^ p^ 
Mffftrentistlng log I» w,r, tc 0 and @qur!ti»g tb« 
diffarentibl co@fficic^ot to a0te» vm get 
3«r4.l ^•'' 
Sisplifict^tlor. yi^lde 
( 30 ) 
0* « ( - 1 • fvHAa/c)) / 2 
n 
whe'^ e c • log (x/-v/») 
It iB ofjjy to »ee that Q h- r a l l th© otftlptlcsl 
propttsrtlee tbit tev© been ©howB to be jrost^sfied toy @ 
In Ffertley aad n i^mxfeer (1974) • 
ciit^tm • I I I 
rtlippB^ VTohlQm far mm^ive acponontlal 
Distribution 
I , ir:5-!0.!TGTlCK 
its© Blipprig*!? probles hr*e bt?on trc^-ted extcr®iv»ly in 
thQ liter^.tu" © (e .g . iJoarnboo (1966))« A olip'-;-^ problera i a , 
in esniencst ^^ je problem of deciclins t^iethcr cne of tlit neay 
popiilRtiorts fcnf • cl ip pod • to tlio r i ^ t or l e f t of ttoe reet 
findf if so, atilch on« ? 3D b« spec if i e , we ocneir?«r r^indoa 
variabloe }^, I g , . . . , ' ^ and m-I bypoth^ciep ii^» H*,!!^,,. .jH^^, 
Tfnder hypothe^-^io % , •:^ , •Cg,..*, .ij^  '.\f'e irdepewiont and 
identical ly f^iotriboted rrndom Vf* is^blee «ritl:t ccarson density 
(raasB foncticn) f ( x ) . '^nder fe/pot-heoes l^ j^ i >^t>iot...t-C 
rtre indapenacnt, Xj^ , i ^ , . , •, %•!» ^•Xt» '»t -^ «re identiofslly 
distr ibuted v^ith oo.?^ 2on doniriity ^Ax) am! -'i^  t^iB rteneity 
f j (x) t i • lfct«..ffn« o now hfjve a problem c>f te0ting 
multipU h^oth<59©8, f&t ^iX) « --Xolx), ^ ( i y ) , . . . , i > ( n j j ) i 
wb«3"# X* (x^, X g , . , . , Xjj), denote © daciaion ru le for thi« 
probleei (flee rcrguaon (1*367) for th© relcvrnf; dceieion tb©ory) 
( 32 ) 
and conslj'err n i l fiftcleion rvl t '^ 0 '^ith tbo ^gropertlea : 
( / ) . ?(iiccept BplH^j) ^ l - « t wfeer© 0 < a < I 
( i i ) . p(aocept ij^M^) " r(?>coe]?t :^ |Hj ) fsor eXl 1 f' 0,3 ^ 0. 
out of feis c l a s s of r u i c s vs/e s^ajrcii for Shoasi « . ! ' J 
for w]ii<^ the coerwn m l u e ©f "(^cce^t Hj^fn^}, i j ^ ~# ia .» 
a:iXtetta. Fsrsssou (ID67) has sa^J-sn tba l aaoiks ^tll ro lae bfi»«?d 
on f^» •'Jgt — ^* •^ -'•**^ ' y^-'-^^-i'yi'^S C'*) •I'^ '^ t ('-i). '^-^ 9 -^ttle ^ 
i 
- , r J. 0 
I 
! 
0 f ot^fTv^iee 
lAierOf 
( Jo in t danstty of \5^ .> t« . t^^ -^^  «»««• '^ i^ ) 
? • t a a x •'••• "••• i - < i ' 1 . . . . . . . I . , „ 1,11 II ni II I 
( 33 ) 
m x (f|^(X|^)/f^(X|^)) 
0 l8 the naaiber of aubecrlpts 1 f©r wfeieh (fj(x^)/fjj(x^))"»v 
end 0 ana r fjr» ehoooen ee ttmt ?(accept !^|H^) • l-«. 
In seetion 2 optlsoa slippy e t< tst for !>e@ t^lv« Expomntiftl 
dlfitrlbctioB,C(ja, fi )t ie otJtaiaad vthtn l>otb p@Taa»ter» are 
In section 3 optimam »llppag© test, for i (M, )» i» 
obtaiflftd when eltlwir of the parr^ iaetera i s kocwn, 
Ilercy the ptrpcee ie to di^i^ 3?tsl«0 ^ srxiMeini^ th« 
coiacsoD mine of P(accept H|^ |H|,), i i* 0» i^cw }C|tX2,,..tXjj 
are mgativo i^ cponcfiti&l raado» iF&riableo, A random imrlabia 
X i s fiKi(S to hvw fte^tive Eacpotimtial diatribntion with 
purcuctcrs iiaad o" » written a© t •-«• S(' ,y >t if i t Ymm 
deneitx 
f(x) • (X/ ) ejep(-(aB.M)/ )• x>M . . . ( I ) 
•ti«r« M e (-~t ••) aad " C (Of*), Or derive tion will oe&siet 
( 54 ) 
of a olrple apnllcaticr of the aboTo racntionei result 
of lergoaon (1967), a l e lesrult will , howevert b« applied 
only «'ft©r rediiKJlug the &" te V invfLrk-ac© cori»lil«rations, 
]jtt K|» X^t.^.f % iNi tt iad^^aflent randoa 9&rla)»l«c 
and ooneldw ^ « (a^l) hypotheaoe 
i«lt2t«»*»<itj«l»2t,..fll ruia }^ > r, Xg > 1. 
ivhe e M end o (ire af&»o«& and ^ t ^ ^^ known, 'SbXn problen 
is inf^riant imSsfT the ^oup^ of parnetatioas of the mbeoripts 
of the XM In the eenoe that undor aior g 6 t hjnpotheeie H^  
i s uBBltered and hypotheee© Hj,, Hg., , . , n^ are penrnted 
fSBong th«8ieelws« It memo re&flooablet therefore* that ttm 
deciaioB rolo aaed for this preblom 8ho>.ild reimin inv^rl^nt 
tmdf*r these ohane»»^ Ih be intririaiit under perantation of the 
( 3^ ) 
eii1>ocripte9 a rul« maat l>e a f t a o t i t i of th« i^der s t a t i s t i c s 
aloes* Lst X Q \ < Vg) i ••• i %n) 3«not;© ths order 
stPiti'^ticB of ths a r^Bdon varl-iblss .<|, ^>»«*.f Xjj, 
V/€ no«r r s s t r i e t a t tent ion to ru lo 4> sooh tlit?.t 
^X *^ii • • • • '^ii* 
I t i e to bs ftarthsr noted thr t tbe atiove isroblsat i s 
iim^rlsnt under oh^m^ of looafcion and ocils s well, Ifiorofors, 
we rop t r ie t uttentioR to ri^ l®© inv^'rlnnt ua'er el-anga of loo^tioo 
Aikj semis« 
for a l l ^»^»^2'*'*^^n* * '^ '**^  ^ -^  '^ « 
re(jiiir9!:)0i3ts (a) nd (b) to rethar taplj that a rtsle 
Bwct b« a faoctioa of ' fc© r a t i o s of difforsnotis of order 
s t a t i s t i c s * thnt is* a fuactioii of 
C 36 ) 
UtiiB 0®t of r a t i o s l e a cmxlmal iipmriant fee' t h i s |robX««, 
S-Tictly speakltiK* Ini^rlfjiace lis not an optiiar.l property, 
bot I t i e a property wtdch we «o«X<2 ©tpeot ai3§r reseomblo 
ro le to have. Isow, oMo- ttie above iaf&r l«»j!(e«t rerulreEOiite, 
tbo probabil i t iee P(aec©pt H|^|Hj) do not depend on a, or 
1 2 !.• Iba^efort w« raay ftr ther rc*quJre ( /) rod (B) of neetioo 1 
<^Bd proceed t s find a r«l© tb^ t , oct of 6fa« ciaos of a l l ru lo t 
s^.tif5fylng ('^)t (b)f (•) rod (B), laaxiialBee T(ROoopt l%{H|^ ) 
for 1 ^ 0 , 
l e t 
\ ^ ^^(1) - ^ ( l ) V (a) - ^(1)) 
I t i s n»eeo0Di7 to find tlio jo in t a ietr lbnt ion of ^2»^3«»»«»^,>.1« 
tto find the jo in t dlottlbtttlon mt m\k9 tbo iTBntiforattion 
froEs ^(i)*^(2)***** ^(n) *® ^2*^3»**"»^»»l» ^» • wtoaro 
T • X/*\ and P. » ( % R ) • ^(1)^* ^** llW^reo trnni^ortntttioa 
i s X^^ ^ • ?1Y^^ • 3 t for 1 - 1 ,2 , . . . , n , Y^,^ - 0 , Y^^ • I . 
Xl» r neoblf»n of tbo treosforaation l e f?***^ ^ 
under 11^, 1 ^ 0, the dis tr ibut ion of ^,fx)»^(2)»*«*»'*^(n) 
( 57 ) 
bft© tbe density 
n * 
• . . ( 2 ) 
x^ > 4t Jgi'lf x^ > .a • ]^« 
ISiorefort the ^enelty of ^2»^3*'**»'*^H"l»^^^ ®^ 
• • • ^ ^ ^ 
whore y, a,nA 7 - arc aaBsy ijarl-iblee repr'-sentlng L aad 1 
yespnetlvely, !3a# la te i r t^ns '^>ct r and z f^co rquftlon (3) 
w«i e n obtilii the Joint dletrlbutlcin of ^s*"";?*'* ••^a-l 
tuftder n . , i f ' 0, aa follwva* 
l!tt«®.at0 tbe •<juntion (3) w,r, tc s to ^ t 
Ct» 
Sowt Intt^atiES out r fnm th® above, an 
' (y2ty5f«. . tya*l^^'*' / <XgC»-lH1.))esp(((ii-l);^ ) 
/ r ®xp(-(r/ )( £ yi.*(a-l)y*>) &r 
9 kf i 
(r(B-i) / ( £ yjc-(a-i)y«) ) 
Benct tb* Joint diatrl^tlec of ^2*^39****^a»x ^^^^^ 
( 39 ) 
h'^2*^V'*^ti^^ ' ^ ^ r(»-X)/(l*(»-X);v2»exp(-^l(iv-l)/ )/(!-
i: Jv « B y*) . . . (4) 
fc-2 * * 
follo«7« f 
trader E th« dlstrIbutlon of XQ^» *(2)• *'*• ^(n) ^"^'^ <i«n«lty 
f(x^,X2,,.,»Xjj) • (HI / • " ) oxp(- K U J - M V ) 
heneOf 
. , . (5 ) 
iBtegrntlng 9qv^t U>n (5) w«y« to B» we ^ t 
n ik»2 n 
M 
o 
n n»a a 
l« l * 
- ( ( l i ^ ) i / . )r exp(-r i y . / ) 
l a t o ^ a t o aboiro w.r . to r , to got^ 
( 40 ) 
0*4 •• la^ R 
«((»- l ) / - )rC»-l)/( I y , / ) 
1-1 * 
He»j© tbe jo int dlstribm^ien. af jfgtT^i, , , , , 1 ^ ^ ^ imd«r 
E t has detialty 
f^(y2iy5»...»y,^l^)"Cj*»l) r ( i i - l ) / ( l+ ?: yj^) . . , ( 6 ) 
Bq^atioas (4) and (6) iffi^ly tl>at 
tt-X 
• ( a e3C|>(-CR-l)>^/ yH^i&'DX^mi/ih^itsy^t))) . . . ( t ) 
ii»l n 
I t l e eXmw fro» «c|oatk>is <7) th t f > 0 i f jaM only if 
( 41 ) 
' ( ( HnrHi)^^ "^^- -^(i)>> > c* 
1«X * 
It follows from ?eraa«on»e reoolt, att^ ted m section I , 
th?\t the deel'ed decision risAe jc: 
And 
0» otherwise 
where ! • ('/gt Y^|.. , , ^»»l^* 
This iaipp^ ^^ « test BEixiffllge© the picb?tl&lllty of rejecting 
the sptrions obeenrntion sEong i^ll teete mtitffixig («)»(b)9 
(A) and (B). ?t is iKftepeu e^nt of the Tsiltt©© of 5^  ^'"•^ > »^ 
Hie conetsnt C* ie ohooeea so that ?(R0<5ept K |^H )^» l-a. 
me noil dietribtitioii of the test eti tiatio (^(o)*^(X>)/'»^*(l)^ 
( 42 ) 
i s atready known. I t htm been ^omi ty Lnuar a t (1965) ttoat 
then 
!>(((t(j,)-X(X))/R(^X^p)^ i) 
» l« (-1) ( ) ( 1 - ^ / i ) ) ( l ^ t > 
for t 2 ^ enti k < ( l / t ) . 
I t laay 'dc fur^jci' isctad tJli.:^ ^ .iicu (19610 aleo propowd 
the QO0 of ^^(ni^'d^"^^"*^?!)^ ^°^ t t c t ing out l ie rs when 
both a ana :* are vaskmrmn^ Oplticol ^ l iaes of the above a ta t le t loe 
a t T*irlou« levels of f»i.^ »lf Icwnoe for n « 3(1)10 nre given by 
Lanrmt (1965)• 
fb© o p t l m l l t y of tbo tee t e t i t i a t l o (-^,[n)-^(i))/«(^3£/jO, 
eot^blielied ^boWf reiaalns vrtlid wJaen tfc© hyi;)oth«Be8 i i-»l*l»2, , , . ,n , 
©re r ^ l f c e d by ei ther of tto follovriag J 
1% tXj- E( i, ) for ^jll eM ^-E(.i«->j^, ) t 4 « a , a , . . . , n t 
( 45 ) 
f t 
;»^  t iCj K(ii, ) ffsr 3f«i and )^^ :(;4,X2 >»*»lt2»...ta» 
wtiofre /i, ancl ; reiaajjaj eniitncva arsd X^  > 0, Xg > X a r t known. 
r{s<? proof la ondtted ao i t ! • on esti^etly tim mmtt IIOAB a« 
In the foregoing d«rimtion«« 
3«1. ^^iSLi(4£^MgJi)« '^^  f i r at eoneider t i© octee wr.«n 
ci l6 kno^ rHf i • f' say. In t h i s oriea ?yo h? v? the (m^l) hypotheses 
11^  ; Xj --. l (o , : j ' ) , for i / i and S^ .^ B(o,XV ) . l P l , ^ , . . . . n » 
i^eare ;> i s nmmwxk and X > I i s knewB, ,§ ssFxiiml iin»!riaBt 
b e e i s i(^^i)/>\^))* (^^(2/^(n))»«*«»^x^j^l^y/X^g^»,F^ejM»tiiig 
tb« prooedcre of the isreviotte sectioa on thJio cmxliaftl ianr is tn t 
«e led to t t ^ teert e t a t i e t io 
l/V •^ u^/^ (^t)> - «f ^ v;4 ^ > 
( 44 ) 
Hbe aistrlt>otlon of r anSer *! i s mn/ to find. It ic 
independent of the mine of * and hease w© can put • I, 
n 
flow, uBdet- n ,^ T, • ': X. liae a -^ R^BI!.'© dliitribt'tion with 
* V i 
Hern- V?»rl'«n€Hj • <f^l)« Furtfeer JL i© stocfcrMitic lljr indepe-
n 
ardent of T^f m timt tmder H^ t ( ; /^ F .^) » (x^ /CXj^ +r^ )^) hs» 
a Beta distrltmtion with diet ibution funetion 
It follows tb t tfc© noil dietribi tion of w i s given Iqr 
'( i t ) • (cKt)) 
percent ge points of p(' ^ t) ore alt5f> obtained. liable X 
reprenente the percentage points at Tstr loao levels of slu^fioe^inoe 
for different eoB^le eisee, 
3«2« g s^e^g ( «»kii&yii)> IJOW eoneiaer the oesNt oriiea 
i s idDoeiSLt m I my^ bttt M i^ oi^ nown. llEre the (ml) 
hypotheeee are 2 
I^ : :^ -- ( 4 t l ) , i • l»2»«..,tt . 
( 45 ) 
H^  : t^ i-(j.i,l) for j jl 1 and X^ v i,(,|fX,l), 
where X > 0 l0 kRo«ti« I'Ll© problem i s iximTiant un^ftr p^irnc-* 
t : t iDn of 3uboer.Lpt3 and under cli..a:-e of location, ilje anxlBRl 
lav T iaiit In thle m ae i s ( i^^ (g)* r i)»^(3)**^^(x) • •. • t ^ (a)* ^ (i) ^ • 
Out of the cla«8 of a l l ruloe baaed on th ie jaaxicjal invferl^nt 
aad mtiftfyia';: (B)i the one wtuah taBi^ .iiai4ief> ^ « cooDoa wilu* 
of =:-*(fiOC«pt -^1 |Kj) fo^ 1 ji* 0 i s bnsed on the aRB;)lc rp-Ui^ 
^(a) * ^(l)' "^  ^ ^ ^ dletrilHitiioi:* of B ic independent of 
the mine O'^  u and h-^ e the denait^ 
•4r - r 1^2 
(a-1) • ( I - « ) r > 0 
?ereentrs» poiato of r(F £ r ) are also obtfinftd, 
I^ble 2 repr^^^enfes %e pwaent ge points a t vrrious levels 
of eigniflcanee for dlff^:'ejit o '^Rple Bines* 
( 4 6 ) 
?'':.BXiL 1 
« a 
2 
3 
4 
5 
6 
7 
8 
9 
l'^ 
X9 
80 
25 
30 
35 
4C 
45 
50 
60 
70 
80 
90 
100 
Pircent-:ne ] 
0.94868 
0.S1424 
0.7^376 
0,62000 
0.5^522 
0.5'373 
0.46178 
0,42639 
'•39738 
0.2^842 
•2'«.38 
0,20585 
0,17718 
0,15701 
0,14129 
0.12863 
0.11820 
0.10197 
G.0839C 
0.08053 
0,07505 
0*06691 
poiatfl of j 
0,05 
0,97468 
0,86960 
0,76644 
0.68215 
0,61451 
0,55955 
0.51414 
0.47601 
0.44355 
0,33350 
0.26953 
0,22734 
0.19727 
,17465 
0,15690 
0,14276 
0.13105 
0,11285 
•i.09934 
0.08887 
0,08051 
0.07567 
11*1 a 
K i t ) - ( l - ( l - t ) ) 
0,02 0 .01 
^^99905 0,39499 
0,91808 
0,02857 
0 ,748a 
0,67989 
0.62276 
0,57457 
0*53352 
0 , 4 9 a 7 
0.37637 
0,30446 
0,25675 
0.22263 
0.19695 
0,17687 
0.16071 
0.14741 
0.12675 
0.U141 
0,09955 
0,09008 
0.08254 
0 . 9 4 a 7 
.06411 
0,78631 
0„72156 
0„66416 
0.61493 
0.57247 
0,53561 
, r 6 6 9 
.32954 
,27805 
0,24112 
0,21327 
' .19147 
0,17392 
0,15947 
0,13703 
t,12036 
f .10747 
^•09719 
0,08879 
( 47 ) 
n a 
2 
3 
4 
5 
6 
7 
8 
9 
10 
15 
2C 
25 
30 
35 
40 
45 
y. 
60 
»»••> 
8C' 
90 
100 
PCRTjent-^.^jd 
.1 
l.O-r.-f^ 
1,28974 
1,46205 
I,505^9 
l,fx>'^86 
1.75923 
1.62068 
1.88527 
1.9541 
2,1 T^'^B 
2.25720 
2.35849 
2.44-51 
2.5 3 4 7 
2.5^037 
2 , 6 a 3 -
2.66799 
2.74656 
2.81 £5c:-
2.87524 
2.92^.97 
2.97:a9 
0.05 
1.3ar3 
1.59653 
1.77^77 
1.8947S 
1.99U4 
2.06995 
2.13663 
2.19442 
2.24542 
2.43ea6 
2.56928 
2 . 6 ? } a 
2.7321^ 
2.82175 
2.60129 
2.93364 
2.93036 
3.06 98 
3.12C35 
3.ie771 
Z.'ll^k^ 
3.28569 
2 
1.69897 
1.99781 
2.17317 
2.?977$ 
2.39444 
2.47147 
2.54032 
2.59023 
2.64*^32 
2.841'3 
2.97358 
3.07499 
3.15714 
3.r;:^62r 
3.2aS77 
3.33Ca4 
3.30469 
3.46352 
3.533SC 
3.59227 
3.feCi^403 
3.69026 
. n-a 
O.Ol 
2^t-rrt 
2.2<)994 
2.4'?567 
2^mA2 
2.6!)723 
2,r76-34 
2.B4325 
a . K l l S 
2.9I523C 
5.14411 
3.27619 
5.5'?U2 
3.4<S '^'!'n 
3,5;?937 
3.5(ri94 
3,64132 
3.6i3aC'6 
3.7JS071 
,>.o!i669 
3.8<>548 
3-':^'n2'-:' 
3.9«J342 
Hetliaatlon Of ''oalo ^nrtimtm- Of Qeasi-rllaied 
Qaam Blstribotion 
H i8 mid to b« ft TrMcm Vi^rlablt fenvln:^ a«iiirali8«d 
Q(&m?^  difltrlbution i f i t s probabiXitir density funetion i s 
ap-4 a P 
f(x|0,a,p) • ex exp(«<x / 9 ) / {0 r(p)},x > f .8,a,p> 0 
• . . ( I ) 
uliera o i s a seels piTr-Trnt^r^ p BM a determiBS ths nbaps 
of ths distribution* This distribution can •c^etinss b« conside-sd 
as a miitable siodel in l i f e tssting probleos. In fROt sons iwl i -
lcnoi»B distribntions r^re particalar easee of th is distribution. 
F^ r exno^le* 
9l«?4«^.?|j„?a«^„^ 
p - I 
« • I 
« • If p • I 
ijrJ5Jil.^«.,,*4«^^i^',*,te 
r«iball 
Qomim 
Exponential 
( 49 ) 
a • 2f p •• 0,5 I^Sroneated liora»!l ('lywncatcd to 
the l e f t of aero) 
a » 2» p •• I Ha.yl@li;fe 
a • 2, p « 1,5 lifexw^l 
In oaajT o.-v!:«e» the pnrr.oetere p nafi a at*© known, 6ltbou;4i 
0 l e oKknowHt P^ior iafm*Bation about 0 ex i s t s and i s ex{a caaible 
ao a probahlllty d^uelty fcBctiozi g(0) , on the pe^amt^r ap c«. 
If th« atouEBption of a prior donEitiy g(0) is joe t i f i ed , the yay^e 
ostiCLntor i s ceod whisrens, in the ab0©no« of guy prior Infaroation, 
Br^ c^isQB likelihood (ML) or nlniSKei vmriaQoe ui^iaaed (im ) 
ostler tor io adbpted* 
I t iaRy» hOQOvert happea thmt although prior dletribiitlon 
i e in fact jfietlfiedy the tocielon seUoer prefers to isnore i t 
orroBOOQBly dochting i t a val id i ty aiid/or r e U n h i U t y , la th^t 
oase^ he wil l be oelit'! a olaeeionl (ML or i'^') eftl»r tor when, 
in faot , IM ahecAd hrive rdopted the Biiyee e^tise tor , litre the 
objr;ot ie to study the addltlofial mp>^n r i sk (with reepeot to 
eQcmred error logs fonetion and prior densitir g(d)) inotrred 
when he Igaeree g<0) aitd oeee elaoei^fl rath^ir than B^ee 
( 50 ) 
©sties?-''tor. 
.••e shall oonsldpr th© follov^la,:^ •Inverted (JeaaESi' aienslty 
for the prior dofieity of 0 S 
g<e) - (?/^> (a/rCb)) ©5tp(-e/9^.0 > O^n^b > ^ . . . ( 2 ) 
.!"he "^TnttBtm-B a and b ar" asf^uste^ kncfwn, ilic* re«>s!onf» for 
coRsldc^-ing the prior deneitgr (2) aro t t e t iU i e f l ex ibu 
OBougfe to oaptoro ateost ajagr kind of prior ©cperitnca and i t 
nloo posBOseeo tho a t t rnc t ivs property tbnt tho posterior d i « t r i -
botitjn of ©, nfter the a-iisple hajs been obe^r^ped, ie alsc of the 
iBTerted Sacrs t3rp«. 
In section 2 , v?e obtain the ::toyes ostii^sto^' of e w . r . t , 
the prior density of 0 sivon by (2) , In section 5t ML-eisa '^Vr 
eotliB-tor and posterior s»do eat ie- tor hnve been iil<3e'essod« 
reotion 4 i e devoted to the oom^TPtir^ study of the tliroe 
«! ties:toro. 
Feppose th'tt Xj^tXg,,*,,!:^ i e a rcndtoai fl>ii!S|3le frc« the 
( 51 ) 
G«ii«rf»lised Gassm dis t r ibut ion (I) wber© p '•••J3d a a?*© known 
and 0 l»s prior aeosity (2) , 3b*R the pesterior dene i^ of G, 
g»(0|X|^fX2t..»»SB)« can be obtaiaed a« 
& 
g*(eN^,x2,....Xo>" iKo) Tr^(xj|l©)A(x^t»*2»»'*»*ii^ . . . (5) 
aubetitntlng th® vrlueo of TT ^(*i 3) o ^ S<^) in *fe« 
aboirs i n t c ^ i l « we g«t 
** p a ^ ap«>l a 
h(3r.,X5,,...,x ) - / (a/0 r (p ) ) TT « ! ®Kp(«(( xJ/9) 
b*l 
• (« /o ) ) ) («Vr (b ) ) ( i / 0 ) d0. 
- ( « / r ( p ) ) TT 34 ( • / r i b ) ) / (1/0) "^ 
a a 
exp(»( Z jt4*s)/0) d9 
i P l ^ 
•M(p)> Tr«i («/r(b))(r(i^b)/(i xf^ a) ) 
i - l * 1^1 * 
. . . ( 4 ) 
Tmtt tcbstltatla,*: •oustloa (4) In oqcalslon (3)» w« f»t the 
( 52 ) 
poBtc^ricfl" denflty of 0 ee . 
( e r ( p ) ) T r a ^ ^ < a /t(b))(r(flp*b)/( z x j -HI) ) 
I. • 1 SwX 
"iBpllfyljis the ebov» ©Qoatlon wo get 
fl!p>b*l 
a 
nbere -J « x^ » which I s ft,v':iK aa Iir<r«s*led CBSJEB density. 
'?«?5Ct, uilC©3- tiqufi'sd em:or lo r r fcacttc.ri '.• « the lx/«i 
•etts* tor ©f 0, I s riven 1^ 
Bp+b « op«^ b4^ 1 
o 
• ({J^n) /r(i^b))(r(n|H-b-l)/(a<.r*) ) 
» (©• 'a) / ( i^b- l ) • s • ) X? 
provided. (Ip4tv.l) > 0. l!i« s3C'-n rt^- of ^ » r { : " ) , l,? .^irea by 
( 53 ) 
r(3?*) • E J (3,1*)) . . . ( 6 ) 
wfaert B d^Mitee «acpectation f'lth respect to t © prior 
(0 .T* ) » s- ( t * - o ) 2 . . - ( 7 ) 
* 
fienot©© r i s k fuuotlofi ot T . 
In or4«r to obtain r ( r ) , w© will *»•?© to find out 
(Off*) f l ret^ For t h i s note t M t 
%(r*«©)^ - Ej ( (T*)^) • 0^ • 20 %(S**) . . . ( 8 ) 
n ^ n 
oT t?-'' ",00vc ecu' 
n ^ n a 
^ iPl ^ l» l ^ * 
p «« (ap*a»l)/a ( l*a)/a 
'(a/0 rip)) i s ( l / a ) • exp(«i^d)d8 
o 
where « • x® 
• ( l / 0 ^ ( p » / * B^ «Kp(«a/e) te 
nenc9 
( 54 ) 
• pe . . . (9) 
"linee Si nm x^ are independent« heiiDC 
» « \ 2 v . « fs / . 2 a 1 %(( I x j ) ^ ) - n %(xf») •n(a-l)i^^<x5)Ej(x5) 
liOWf 
%Cxf) "(c^o rip)) f X €csp(-««/e)dx 
•(a/®*^(p)^ J 8 il/a) «xp(-Ve)da 
o 
• (1 /0 ^(p)) / aP*^ exp(-^0>d« 
o 
• ( l / 0 % ( p » - (p*2) / ( l / ) ) 
- 0^ p(p*l) . . . ( U ) 
( 55 ) 
?.^ lEln^  »B« of th^ ©qaatlonEf (9) aaii ( l l)f »?« £:ot 
a 
mV* m% • nS>^ 9^  • i^ ^®^ 
^ 2 ^ 2 Q 2 ^ y^2^^ ^^^ ^ 2 ) 
?SDWI 
• . "^ 
* *^  i«i * 
rains ( lo) , we get 
E^(r*) » a/(w5+b*X)) (a*B^) . . . (13) 
end 
liaklBg Of?© of th« e^ntloae (10) a»d (12), we g«* 
%((f*)^) » il/itaj^h^l))hn%hKm%HiK2B.BpQ) . , . (14) 
riowt eubetitetiag the imluee of (I?) and (14) in equation 
(8) , we get P (0,f*) as , 
( 56 ) 
'"lE^llfying tlM? mtore egijatlcn, we i^t 
0 , r ) •(1/(»P4.|>-I)2)(02(j^,(|^|)2)^ ^2^2^Q(^^iyj . . . (15) 
# 
•loan rlcfe, r (S )» i s obtaiaed aa follows 
« Cl/(op+b.l) '^)((i^(b-l)2).y92)^a*--2a(b-l) l y e ) ) \2 ' i , ! ,^^ 
• . . (16) 
Eje) • (R°/r(i>)) / 0(1/8) «3qj(-a/e)a9 
S 0 
- (eV(b))(r(b-l)/a ) 
• ft/CtJ-l) . . . (17, 
and 
H ja^ ) - (a7r(t»)) / 9^(1/0) es|>(-®/ ')<^ 
- (aVrCb)) (r(b.a)A.^) 
• a V ( ^ l ) ( b » 2 ) . . . (18) 
( 57 ) 
ubstitt^tlcs ttie vraae© of (17) aM (16) in t)(|B?«tlos:i ( l* ) , 
r(T*>-a/(fl5^b-l)*^)((Dp^(b«l)^)(e^/(b-l)(b-2))4.ft2 
-^(b-ii)a/(b-l)) 
-(l/(a5H>b-l)^)(l/<^l)rs-2))(f.^api-a^W^) 
• r^/(»?*ti-l){t>-l)(b*§) . . . (19) 
5. uh cxv. tiVQ ^rB ?":;;::';^aon mAr, E!:nui:.mt^ imi •:I;.^ XB 
I s u t lU«e4, r»^ b« ^^rjlttsn n» 
I » U/o^iv)) TT 4 ^ ^ tspc - I 4/6) 
I^ UdLng log oe both oldesy sm mt 
I«I5 I • v>(log ci-p lo£ ©•log rp)+ s los x J ^ ^ M i «f/0) 
1-1 * i « l * 
Dif'ferentlfitlAg Log I* w»T»t© a aM eqaatiing i t to i«rot w« ajet 
( 5© ) 
f^ n 
««•> 0 • ( I X? /np) - %(9«y) 
Ukellteeod funetlon of tfee poo t^ lo r density (5) tmj b« written 
n ito*te a o(i^*th4) B ^ 
! - ( ( E ^ • a ) / (B|)*b)) (1/9) «cp(-n( I x}*«)/G) 
i»l * iPl 
o r , 
l o iL« n leg(( x?*a) / (i?H'b))+B(r^!Hl)log(l/9) 
i«l * 
tt 
•n ( K icf • ® )/9 
i « l * 
niffer<?ntintija.P? lo,?: L w.r.t© 9 p,M e<^,!tlag i t to 3©ro, «r« g«t 
-( i i ( i !^b*l)/0) • (n< I zf •?3)/9^) • ^ 
l» l 
/\ n 
i -1 * 2 
rl«aoe« ttno alteram t iv t eetlsB«tot-8 of 3 are 
Ji tt 
1^ • ( r. x|/iq?) and Tj^(( E x | • a V d i ^ b ^ l ) ) 
I t i s «mll Imown that ^ i s tha i Li«ti»»l'V!T •ntimitor of 
9 when a &nd p are known. I t i s the olaatiiof^l eetia&tor of 
( 59 ) 
a wfe«n ao prior laferaattoB i s ctiUaed* Tim ©(stlcsator f^  
i s tSio BO'ls of th« po^er io r ^©fiolty (5) . I t i s tJh© mtura l 
aimlogB« of t te ?:I «ct ta- tcr Tarfecs e i s &oma!s©«3i to tmv tho 
iijvcjr-,.«a QasKf^  prior <!it4:r-lbttU .£•• (5)« 
aie r i d s ftiuetiA'f* of t};^ til^f>eU"l eetirartor T ,^, (9#",' 
jsay 1>« obt^iaed as 
1 % Vfe 
^ iPl * i«1. * 
?^ob8*itots the VBlQSs of x^ C r xf)^ and 2^( £ «?)• ft-o» 
i » l * * i»«i * 
(12) and (IC) rs^^setivolyt in tte© abo^s equation, to get 
(Qf%) •» ( l /«V>^(a^pV*«^S) • 0^-(2Q/ap)(np0) 
Bonoet J^^ * BOas r i s k , r(:il)» can IMI obt@iA«d as 
( 60 ) 
• ( i /up) njQ^) 
CI 
rs lng (18) fc" L.J^^)f m set 
T(t^) «t. i-.^/^ih^Dih-Z)) . , . ( 2 0 ) 
.lEllarXy* t^e r lak funotiion of the posterior nodo e a t l o a t ^ 
•(29/(np^t»^t))(%( I x j Ha) 
fekla^r ue« of ®r4«»tioas ( ic) aM (12)^wo p»t 
(a,Tg)»{V(np*^l^)^)(nVAnp02*a,2*gai^) • 0^ 
- ( 2 & / ( j ! ^ b * l ) ) (i^ pCH-a) 
( 61 ) 
'"iQpllfyln.g t\m sbov« eqw-'tlon, ^Q gat 
liDw I t s sseaa r i ^ r«l«t lve to the Inverted ferarsr- prior essy 
be obtaliMd as 
"^boti tot ias the i^.lee» of 2 ("?) cand ^(0^) froa (17) 
and (10) i^f« ,?^t th* isenn r l r k ae 
r(Tg) • ( l / (niH-b^l)^)((]^(b^l)2)(a2/(b-l)(b.2) -^ a^  
- 28k(t>fl) a / ( l H l ) ) . 
"iB^lit^ing tli« a1>0VB» vm g t t 
r ( f2) - ft^C!^b*7)/(a5>*t>»l)^(b.l)(b*2) . . . ( a ) 
i t c €atpr#c;Kiciia (19 )t (20) aM (21) give tbc^ cseaa r i e k t 
( 62 ) 
of ?*, % ' ndi ?.-.. r- opsclively, i^:icn tfe; loss i'tmctlon Is 
6qmTe& orror and prior d ls t r i twt ioc i s th© inveytefl Q^mm. 
a«Aoltgr (2) , I t in Intere©tia.s: 60 coii^r«5 ti e ^SGU r l tke for 
d l f f^oi i t VBlitee of p» a sisS b , N tsmXly, by i t e veiy dofin t ion, 
the S^ y^oo eotisi ' tor T will havt-vh© miialleBt t^m-n riek for a l l 
ohoioee of t*» * ?iB* ^4. Hoi^WTi the. t?ble»» I -nna 2 */lll girt rio 
idee, ef the «rte&t of cup^riority o l X'* over :\ nrxd ?2» '^bl« 3 
wil l giv« as id&a of the ptrforiaaiK^e of T. ."^ .ftfi T^  relr^tiro to 
moh ot^er* 
mo mloee tfibol'-tej in tJAblsc I , 2 aria 5 ai'S 
a a p / f i ^ b - l ) , 
» Hp(jB^b»7)/(as>*b*l)* 
( 63 ) 
re f lec t ive ly . In each op.m^ thre© differeat mloe© of p , 
six different vnlues of b and ^stlaririt elx different v&laes 
of mxasil9 8iB© a b^ i^re b«®ji coneiderea, ifeiltaee of n, for 
«!^leb ratio® ••' 2 and •' « are ••:lntnija aad laaxiESttn respootlvely. 
liaTe oleo b-fen eonnldtered. I t smy be noted tlitr t ndiit of tlio 
r a t i o s , J,, ! 2 and ' « d^ j>«iid on a ear « . 
a l e •IndepeBdenee* of a l e roimrkable as i t iTpUes that 
ttee •belmvlosr* of a l l the diotribtttloce (w«2 . t , the eatl»ktor 
of 0)» for lihich p i s tl;© iKiBse, e tel l roK -^iln uachan^df wlmtevor 
XtB the valcK? of «• For exRsiaple, i^sponentiaX Cp^lt^"*!) ^^ 
Hayleitb (p"lta"2) will h a ^ different aet of •stiantorfi but 
their re la t ive effioiency will be th© eajBo. 
Tho choice of B and b i s arbitrpry but only thoee val»eB 
of p l^ve been ohoooen for whioh Q^oocralificd Qam a dietribtttioa 
redaoes to efsmo wen«4cn^A dietribcttloa« 
TsthXe 1,2 r.Bd 3 give oon© inter©rting i n e i ^ t into th© 
r@lr^ti\« bob vioor of the .itiyoOf the CIASSICPI mnd tb© poster lor 
eode eeticsitoro of 0 for t ^ preeent OonsraXlsed Qemtm aaodel. 
( 64 ) 
•:he follov;la£: oor^clueions can b« es^emn fnm ta^le nueiber 1, 
(ffi) For nay fixeA msla*? ©f b aBfd p , - • I s an laer<'*»ir>iiig 
fonction ©f r*» S-is Bisane the oupey'lorlty of the iMy9B ••tiaiptor 
ov^r the cla8nl<»\l a s t l i ^ t e r , aaaor t*tp asaocfption aede, becowo 
l«8s and l©«0 r<!raBiT'la!tbl« a© the s^i!^le else iLncr©rt«»B. 
(b) Fbr any fixoa Vila© of b end n , - \ i s an Jjacres sitn.!?' function 
of p , HilB an g^ste t^% the 8tip<3riorl^ of Ifcye© ee t lmtor over 
tfc© olasRlcal ©otiiaE<tor beoosMis los*^ ©M lewp protitocno«d a» p 
inoroiseoo* 
(e) .HDI- any fixed valne of a &nd Pt <' ^^  i s » deerer^ring function 
of b . 
liable nnaber 2 alio^s tbo eupcj lor i ty of 3e-^.ym oetlaatiir 
oyer the olaeoloel. ottiffi- t o r . Itic followtns concluslone ©.in bo 
dlrawn fr^ ED table 2« 
!^r fixed u^lo 9 of p ana b ( b > l ) g ie an inoreaeini; 
function of n« Dhat ie the Boperioritj of ik^ee eetiORtor ov«r 
elaeaieal eatim^ tor i s invOToely |jroportio»il to the aise of 
the eas^e* 
C 65 > 
For b K I i t 1st fovnd t t e t % g 1P cilnlEiia (.75 ) for 
«^ a 4. '^ -^.t le tfec i5fiy®0. eetiiir!.-or i s not^t •if icicnt in 
cos^r ioon to clflesio 1 eetiffi tor rx tJhe a&ov© Dentioiyud 
point* 
Bor fixed wXo0« of n acfi p , np > 2.5f' g ®^ ®" incr^mBim 
foBction of b , /iBd for fixed vale-s of n aM b , with the condition 
!& > 5f r a t i o C' ^ ID c..TB.:.fi eun incrcaelns fijaction of p , ;fe cnii 
say thf t fluperiof'ity of :3f^ yes est i s tox oves* cla^rioal eetis^'.tor 
beeon^e l9en p;.nd lees renarkt-blo ap b siid/or ^ a? «.• iiicreapod, 
Ihble nuEsb<ar 3 fivoe an id«© of tho pia-fo^ sjanoo of claBsiORl 
and poetRTior sod*? eotlaifstera reXativ© to etc* other* 
IJablo 3 Bhow© that for any fixed value of n and p rn t io 
\ * ie e deorensjlnis fufiotion of b , ^ i e vm^ns th? t tbs poster lor 
Bode •^tim tor beeoaoe laore and more superIsr to olaoeleal 
es t i a r to r &e b inoreaioa* 
% hare alw5 considered thoe^ saaple Vsiltteo f«Kr whioh tho 
r a t i o ^1' ^ i e rmxintm* IbUowin^ sme Htm pointe, for different 
Twines of b , a t wliioh the ^ n e s i c a l «sti£iBtor ie isoot aoperior 
( 66 ) 
to peet®i»l©r E»de »«itisr».tor 
&fid 
SD « 4 for b « I t 1^ * ? foJ* b « 2 
1^ • 20 for b «5, i^ « 55 for t> « 4 
j ^ > 100 f er te 2 ^ 
H « iR an iB«5r<»«lii*5 ftmcttcB of n sM p <^to the abov© 
rsentlon»fi |>oint« bet rffeer the oac&^wt of the atov© poims 
r a t i o 4^ « b€!aoi!8«e a deoressitn.;^ fuBotlon of n -'.-M p both. 
I t I s also obaervefi that both Qlfis^elenl ^n& posterior 
mode ©»tlBi?^ ti»rfs ar# oqceUy efficleiit for b » 4 "--t s^ » 25, 
( 67 ) 
lleoa rink of Ifeye© estliaator of 0 
<l»iMlr»«WWW»*»»«'ii«i'»«»«l»«««»l»—w»«*»—• iin« — « — — W W — B i m — I 
:!c«a r l ^ of Hl-^ rvt? oetistDtor of 0 n 
b fi p • 0.5 p • l»0 p « 1.5 
5 .7144^ .8333 .8823 
10 .8533 .9090 .9375 
15 .8823 .937$ .9574 
2 25 .9259 .9615 .974C 
5^ ^ .9615 .9803 .9866 
ICO .9803 .99 :e ,9933 
3 
5 
10 
15 
25 
50 
loo 
.5555 
.7142 
.7894 
.8620 
.9259 
.9615 
0 fJLir** 
.0333 
.8823 
.9259 
.9615 
.9803 
.7894 
.8823 
.9133 
.9433 
.9740 
.9868 
1hbl« 1 (eoatinacd) 
( 68 ) 
n b l>«0.5 p«i,e P-2..5 
5 
10 
15 
4 25 
50 
mo 
5 
10 
15 
5 25 
5" 
lO'"-^  
5 
10 
15 
XO 25 
5C 
IfK) 
.4545 
.6250 
.7142 
.8064 
.8928 
.9433 
.3646 
.5555 
. 6 5 a 
.7575 
.8620 
.9259 
• a 7 3 
•5571 
.4545 
.5613 
.7352 
.0474 
.625c 
.7692 
.8333 
.C826 
.9433 
.97ra 
.5555 
.7142 
.7094 
.062C 
.9259 
.9615 
.3571 
,5263 
.62K' 
.7352 
.8474 
.9174 
.1^42 
.^333 
,l^i23 
.!)259 
.9615 
,9605 
. 6 5 a 
.7894 
.849C 
.9036 
.9493 
.974CJ 
.4545 
,6250 
.7142 
,,8064 
«092® 
..9433 
• • •umii 
( 69 ) 
? Wf i 
lier,n risk ©f ifeye© estiar^'t©r ©f B 
T*r.n risk of 'POfiterlor O D ^ estlar^fcoy of 0 
• • > — ! » • • • • ! • iKiiM —)>*—^amii»—»«»••• <(mM — • 
b p»o.5 p • 1,0 
l l l l «H«««»<WI»«W— 
l . ! J 
I 
2 
5 
5 
8 
10 
15 
25 
50 
100 
5 
10 
15 
25 
50 
100 
5 
10 
15 
25 
50 
100 
.T714 
,T5oc 
.7556 
•7765 
.8204 , 
.8656 
.9324 
.7515 
.7619 
,7860 
.f^77 
•086S 
.9555 
.7511 
.7714 , 
.7954 
.8344 
.6899 
.9546 
.755a 
.7Bt2 
,8uOC 
»e37e 
,8836 
•9324 
.9633 
»7619 
»8086 
»8457 
^6666 
•9535 
,9656 
,7714 
,8166 
,6494 
•8S99 
,9346 
.9639 
.7763 
.eiec 
.8576 
.8746 
.9144 
,9524 
.974£i 
.786C) 
.8437 
.878^^ 
•916£> 
.953^ 5 
.9750 
.7^ 5'^  
.8494 
.8^9 
.9179 
.9535 
.9751 
( 70 ) 
- I '•' III ""III '• - i n T - n M l " — •• " •'• —niiTii n-|r ir—~n—nwniai—iim^MWii*—mm I » M H « I » I _ U 
t) n p « 0.5 p - l . o p • 1 3 
mm* um.t*. tt •• iwi mMmmmmt^*tiimi'mmm'i^'mt'tttmHmmm$mmmiv*iimm''i'im^^''iimv»»t^ M 
4 
5 
10 
5 
10 
15 
25 
5-
l^r 
!» 
10 
15 
25 
5C 
ICAO 
5 
10 
15 
25 
50 
100 
•7575 
.7812 
.8045 
.8407 
.8920 
.9356 
* Tu65 
.7308 
.8127 
,64(36 
.8956 
.9566 
,8127 
.8511 
.8466 
.8707 
.9075 
.9415 
.781.^ 
.8241 
.8547 
.m2B 
.9356 
.9643 
.7508 
.^311 
.0596 
.0956 
.9366 
.9646 
.8311 
.6596 
^mt-2 
^07v 
.9413 
.9661 
.tiC'43 
.6547 
»m'j2 
.9195 
.954?) 
.9753 
. ^ 2 7 
.8596 
,8884 
. 9 a i 
.9546 
.9754 
.8466 
,8^?2 
.9C19 
.92ei 
.9570 
.9761 
'V 
{ n ) 
wmik r i s k of t»etfrior sod» •otlcijitor rtf© 
' ?-^ :eac '^^ lok of !^ L-HWf eeUcr^tor of 0 
• i — » » » ^ W » — I I — mi lll«»««WI»«>i«>|l|MI»<»«MW»««M»M»*«ll»»«M««»»»|(»«»«»MI»«|l»««l<t|i«< 
I — I B — I 
n p • o»5 p • 1,0 p • 1,5 
5 1.2962 1.5265 l.SiJSO 
8 1.3333 1.2a: 1.2244 
ID 1.3265 1.2500 l.Vm 
15 1.288D 1.1937 1.1432 
25 1.2187 1.1316 1.0^35 
50 X.l5ie 1.0724 1.0499 
X(X: 1.07^4 1.058D 1.^257 
l»M>i«w»«»««»»><llt**'w •' iM'**'»'•«•»•»"•»•—"—Hill iim i i i i « W W i » . » 
5 .9504 1.0937 1.1224 
9 l.-'^ B 1.1 ?9^ ^ 1.1157 
10 l,:i937 1.1242 l . l l U 
15 1.1224 l . U l t 1.(899 
18 1.125' 1,1 -^^ 20 I,KM 
25 1,1136 l .OSU I..1631 
50 1.0941 1.^501 l. '^s35f, 
IOC 1.0501 1.0274 l.ttlSD 
5 .7396 .3259 .:i924 
10 .9259 l.ts204 1.0387 
13 .9727 1.C346 I . 416 
15 .9924 1.0587 1.0412 
20 1.02D4 1.0416 1.D387 
25 1.053D t . a i 0 4 l.ri542 
4'> 1.^416 1.0330 1.0255 
50 1.0404 1.0288 1.0214 
100 l.<-268 1.C4?-' 1,0119 
" ^ " • " " ^ T rm "^ r ' l " " ^ - ^ i w i " " Trii_ mi.iL • 
( 72 ) 
k«i«mtMNaMMab4» '•HMHMfcMOM ***«• '*<>i«i>n wwiwio<iw»iwii»^w*-*<i— Mjiwi iain«» iii» wi wi><— mtim —ww • • w w m — — w 
n p • 0,5 9 « l.C p • 1.5 
5 
IC 
15 
• 25 
37 
50 
55 
ICO 
5 
10 
15 
5 25 
50 
, 6 0 ' 0 
,8om 
,8800 
.9591 
.99ca 
l,0(A'C; 
1.0023 
I , 0082 
.5f^l7 
„7r'24 
.Bn24 
.854S 
.9625 
IOC* ,98B5 
5 
10 
15 
XO 25 
50 
IDO 
.2^74 
,4296 
r^>?«3S 
.$€77 
.Gl-^l 
.9-:^-5 
,8n';r 
.9333 
•97t>0 
1.0000 
1.0'^ >68 
1,0062 
1,C083 
1,0-'68 
.7C2«i 
• u^93 
.51S5 
.9685 
e99«>7 
,4^)6 
.9122 
.7100 
.3101 
.9'X)2 
. i495 
,^!©0 
.3750 
.9<J66 
1.0069 
1.0C83 
i.ocor'O 
1.C7^> 
X.0'_5^ 
.e^'^24 
.9183 
.9556 
•!?945 
^ » » - ^ » - » » 
,536a 
,71 or 
*7919 
.,a6es 
. 9 : J 2 9 
,,96^5 
a^sxall ras|jl© 3d!mvioo3P Of Sowi Goodiwso Of Fit 'Si©t» : 
Let X««X2t*,.tXQ b© independent obB^rtfiatIons, on a 
randoa varliabl© wltb distribution function F(x) wMoh is 
cnknoorn, Soppoi^  th t we wioh to test the hypotbosis 
11^  ; •(%) • ?^(») wbore P^(.) i s a C08|>lctftiy apeciflsd 
a.f. Tb« probien of ttotlng !^ le esXleU e soodnsoe of f i t 
p oblem. Hlf!torlc®lly, this 1» perhaps tho first problsa with 
a noig^ BrriBJBtrio fonailation. Karl 'BmrmR iV}0') proponed the 
probl«SB oind off®s»ed tb© now ol&sffioal Cbl^ snoare tea* which 
ooa^reti the esspirieal bistto^as detereined by a mi^le with 
the * expected* hiato^t^ determined 1^ the noli hypotbeeis. 
Apart traa tfee caiiii^ <|upre trot, two types of goot^ ness 
of f i t teste h: ve been studied in the etf^tieticrl literatore. 
one whioh is beteed on ^e esapirioaX dietribation funotion 
^,j(x) •• (1/n) (^aiber of <| ^ x) and thii other whi^ is 
bftoed on s««ple spacing V^ » ^ft^Hlh^o^Hi'^l)^* lAere 
( 74 ) 
^(1^ • Hz) • ••• ^ Hn) ^^ ^^ ordcir f?tatl t i c s of 
Hie um of gpscittge for t£?st of f i t baa b^oii •c-'fgested 
by se-WTBl aattor©, Iioi«v«srt 1- isay be miA t t e t I t r«oelYitd 
i t e Jnsln l8?)®tU!3 f^ o© *<HiiM»ood»® (1946) JUtvitetl pmper. l a 
h i t pf-p«r -IrornE^ood ac'\^et®d thr-t, • I t lo r-tlaaBt t*ortb 
ooneiaering l^r^^ther by ft etndy of tb® filstrlbutlr n of intarvtils 
th© et?%tleUeiaB can ^ w tbo epidcfoiolo^ist nny b«lp •« , 
3r«en90od tcg^oted one part icular toet baaed on th<'i« intorv^jU, 
wbile in t\» discttSBion of bio paper mteffnl other t^ots «N»ro 
ooggeeted, aofl© aBgr^otionf? were airectljr reeponeible for 
tmeh of the ref?eej"oh on goodneisn of f i t •'Sent© bf?sed on epp.cingB 
that b&8 taken place s ime tbat tiao» 
In th i s chapter,tho eoai^eratlvo stC'Sy of tho raali gsatple 
poworo of ooise ;sroll«kfio«im i^odnoee of t i t teett;^ baa boon 
Ofirriod out , twm of tfaeee tosto orf* bajjod on i p c i n - s , 
others involve tlio probability ifttogral trftn^fcrra, 1h« 
Chl»6qtr^e ^odntoo of f i t toot hrto not boon eonsidorod 
(Altbon^ i t poeoessos isaoy optisum pi oj^ertioo i t s poi»e<r i s 
( 75 ) 
netorlott^y lowf taalaly ^.9 to lose of iofoi^'aptloii bocauet 
of the ©rouplac). 
? . PC) -Si ^vlip^Hli^: <i^  
2 . 1 . ! ^ ^ Stc: tijitjcy^ iHvon below ©re the : ' ta t ie t ic6 eonaldered 
for the l l a l t M coffl^ioriaoii, "Mr the e ta t lo t ioe (i) - (vl) (b-oed 
on spacing) tbo l imitiog dlet^lbtatiooe are rnowa to be aornal. 
In the aboeaoo of tim ejKiot dletribatiooe» Sosto baw b>c/«n 
oarrled oat witj tho help of ttmm llKitleig distributioneCtbt 
«<??».» R M Tftri«»,BC© la noted &gala«t « .^ch vltich in uoed to 
•StaBdfliyai8#d» tb« ot&tiQtie m tti-t 1 ^ "e«nn<3ard norsiai 
dlutribotlon* oottld b« need). Ttm otfee titeoe e u a t i o i c o ar« 
based on tho probability Integrml trRnsdtona©5-4one» ihotr laodlfied 
iFerslone (as di^y^n bST Po-reon and ikjtrtley (I9t^) ) have b«sn 
osod, Vpptit pero«ntrrS5« pola-o of thooe «l®tisl ies «a*o givoa 
for a • O.IO, 0.05 and n.oi roopoctlv«ly'« 
( I ) 1^  • t tr 9 propoeed and etadloti by r:i?ateni U973). 
* l»t * 
(•-ean- r (m2) r(1.5)/"(w^l,5)J mrlaac© • l/5fe). 
( I J ) T^  « E ff t fipaiestod by Oreenvood (1946). 
(i^@n e (V^)» VRylaoo© «» VCo*!)*"). 
( 76 ) 
X nt-l 
( I I I ) ^3 • I - |Vj^*(V(B^l)J I ii/gs»9t©d by Eeaiall 
In the dlseuftfsion of UreecwocS (1946), llDit d.f. 
uaSc? F obtnlncd by 'Ise'sarm (195 ) P M / I S B and 
Ojnmel (1-175) 
(ooan » e*^ ,* v^r 1^  nee «(2e**-Se"*^)/! w-1)), 
(IV) 
i>> 
( • 1 ) 
( • ID 
1^1 
la;: U-*l)V|^)'Cri+l); prcpo^ea b:^  •'"la -nd 
Ood'sfflto© {lj67)» sstuaied by Oebort r-.ntl :ale (1969), 
(ffle?in « r - ( V 2 ( B + 1 ) ) .*ore r « ,5772157 lo She 
%ler«o conet'mtj v i -inse « (l/(s>^l 0( ( ?'*/6)-l)«(l/?(rw-ll 
m l 
1^1 
Vj^ log ((ml)Vjj^) y ,DropC'».«»ri by -••le and Godaabe 
(1967), studied h^ C^bert and 'Cale (Ijfcj), 
(Baem« l»r-.( 1/2(^-1))^' 
?arli^r*ce«(l/(fH-l)U(T:/V3)»3)m/2(iKl)^)(2((n^3)-3)*l)i. 
Tg « T- • Tg I propof?*?d by ^le aa<i •^offlftmbe (l->67), 
«»^dl^a by Oebart md Kale (1969), 
(mc^a « ( l - l / ( n ^ l » ; mrinnc^{V^/HG^I ))-(('«^/3)-l )/(n^l)" 
( 77 ) 
0.745), 
( n i l ) 1L • B»a (»*»ir)r wbftrt if • am ((|/ii>««#«%) 
aii6 i f * mx (tt/«\*(i«»l)A) * itolnoger0ti»aBiriioT 
!iOdtf|#« % • % (f(nHo.l^O,U/T(o)),(Critlcol pointt 
l.2a4t t*998 imd 1,62(1), 
(iR) 1^« * ( E (21^1) (U««^)+Us(lLHl^^^^^j)))/»-fl t 
AaAaraoii»»arUn^ (eritio^l poiata l,953» 2«492 «iUI 
5.857), 
It M ^ BDted hca^ tbat •t&tietiee (1) {and ( i i ) ar« 
apMlAl otiste of tb« •tDtiHtlo propostd bjr KliriMU (1950) !••« 
I 1|^ 9 r > o* 9« h»v« ra@triot«d ocrMlirts to r • l / s and 2 
^ t * 
•iii^lT b9«Mifl» Imviftg ototftimd VoM iflpnoiingsg i t i» tn^r to 
find tHo MB of «2«er««roota or tc^reo of thoat tpaoiago, 
A«r^ptotio diotri^ttoft %t z %\m% \m%tk obtftiMd by 
1 ^ * 
ooirora Mtboro o.g« tiaSMkX (19$0)» DsnSag (1959) u i 
SlrwBi and Alan (1974)* k% poitttod oat by DBS liirio (1971) 
tho llKltiiis aoraol diniribstiea of £ 1 | i s approaoliod 
V N» » ' * ' ^ • ' : j ^ 
( 78 ) 
V9tf aloiay* In f»o« h« dfloeiis^atdd that the aersMl 
distribction le iiDt rMtlig«d eirta fdr B • c^< » l!be BUM 
ipi 1 
fftott tlvit viiriotsi authors tatm -btaiatd thi> aiqra|>totio 
(I3»rnftl) dietributloa of i: V; » r > o with difftraot 
$f^l * 
nOAB aaa T&rlaiioo, lod v* to th« ooap«rfttivti> eto^r of tbo ai««ii 
and Ttf lftiio«8 of ili«a« aayaptoUe diotrlbutioiio. lioro ooi^ f^trioon 
of thofli wootd not haf« yiolAod euosr r#«alt« Alas (197C') bao 
obtnlftoA f^ate Carlo ootlnRtoe of th« rolovtuit piro«atago 
peiato of \ aad 1^ * S&ble 1 aad 2 iiv« the eritiOAl pointo 
beieoa oa tl^ mraa aad vturisfic* propoo9<l by tbo i^ bove seatieatA 
tbroo Razors aloagvitli thooa obtalaoA bjr AlLaa (1976), i t i s 
opiior ^ oo« t ^ t iu»ng the throo aotherot ialrbaU*8 rooulto 
pre otoee to tha l^at»»C?^lo astinatoo for a •» 0*10 &ad o.o$* 
fb» a • 0«01, i t i s tbo rooolt obtctiaoA V iCIranai^ Uaa (1974) 
atiioh i s aoro eloss to Ifoato Gskrla ostloates, v'liaeo i t i s 
oot poseiblo to aai iiffaroat rosalta ibr dlferoat st 1^  i« 
dooidad to 000 tliftt of ftSsabail, 
( 19 ) 
l ints o t iSi « 
Mna*<M«MMiM»<«MaMM*MB«aaMwiiina>«awM>Mn»«MM«*«M*aw^^ 
isotttt Carlo ootiMU no «iil(Eljibftll) 
»ii»i• mII—w—»«wwi>—»«www«niii•!Ill • niw w i i w w imiiiiiiiiwiwiii i • • i 
^ a -©.lO ,05 .01 4 0 .OS .01 
10 2307 2.758 2.653 2 .^1 2.753 2,662 
20 3.526 3.875 3.766 3,«14 3«e65 3.775 
30 4.189 4,746 4.663 4,7B3 4^m 4.643 
50 6«ie7 6.126 6.045 6.173 6,125 6.034 
mmmmmmmmmmmmmt*mmmmmmmmtmmm»mm»»»mmimmtmmm»iimmm w i iiiiini»»<—n—w—— »• wi i> m imiwiw 
Vvrml (UraatttoAlin) Bomal( i:^liiif) 
M»awi»a»aMB**aHa«Ma*«>N«r«a«MiM»«M|wMMBMHMi>*%»a> «HM>>MOTa*ai>aiHa«»iiMiB«a«ii<*iiw««n«M 
« » O.lO .05 .01 4 0 ,05 ,01 
m 
10 2,768 2,720 2.652 2.632 2,583 2,385 
20 3,«50 3.842 3.751 3.795 3.744 3,653 
30 4.764 4.715 4.624 4.684 4,635 4,544 
50 6,i59 6,110 6,019 6,096 6.048 6,957 
( 80 ) 
mblt 2 
^^ ^ 
X^^T ptroentagt Poiats of t^ «• r Vj 
W^w^m Carlo •8tiH%t« Wwk\ {lixSa^iX) 
• » 1 1 W " •Wi l l i I I I 1 0 » 1 H I > | | W W > « — » 1 « — W W » «WHW*»«—i • ! • • I WilMiM — WW W I IIIIIMIWI • • 
- o • 0,lC» 0#05 0.01 O.lO 0,&5 0,01 
IG ,217 .241 .?0T .237 .256 .294 
20 . U 5 .X25 .142 .117 .125 .139 
30 .074 .062 .086 .077 .081 . 0 ^ 
50 .045 .046 .046 .045 .047 .051 
.»MI«JII«W»I»I»«HMMP«I»^IWII«»>WW<»«»<I«>W»«'»«»"I«*''««WMW>«IWMWI \tttmmmi»m»imi»'''*»i'*^*m'mm^ tmmitHtrtmtmmimimtmmmm 
Sbmel C^lreftBl-Alaa) SoranKiferniJig) 
a « • 0.10 0.05 -V"! 0.10 0.05 C.Ol 
M l W M l »IW»lll«<»JiWlgrl»«l>>tw|WII»i»s»M»IW»llll«nil«Wl»t»^><>»»WW>W»W>«hW^ III III HIIHIM I I  « l l l—ln» • W < B i l i I  1 
10 .252 .278 .309 •2«t .304 .347 
2C .122 .129 .143 .128 .137 .152 
30 .079 .003 .091 .062 .066 .095 
50 .046 ,04a ,092 .047 .049 .053 
•Ma«ww—w»».—^•••w»«i>«»ne>—t^i^i •••••iii timm**mtmitmtmtmmmmmi>0miimm 
( 81 ) 
2 •2, |%f l_^ t^ tfe#fl^ y* 'iMltt vorklJEig on a eonpttt«rt 
tte coot factor (inolti^i&g lb« tli9«« of ooa?^ r«) plaje an 
iaporti^iit role, Xt «ao Jasper tlvt^ tt^oforOf ttet tbe eboico 
of the hfpotb9£y^ {i be reetrioted to £t oeleoted few. In rUm 
of the vidieeprer 6 nee of mi^ f tl-ve iiEponeiitial, aod eibalt 
dletrihittiong^oiily thei?e ««re ooaeld^red^ the mill hypotheeie 
belttg K. : f(s) • F^(K) « I - C3q (^-ai/c")t ( ^ Offenoeii) and 
eltet sfitivoeheln^ K,} F(x) • fj^ (it)«li^ 3q»(.*«**)^  o - l /S fend 2. 
1% Biay be iiotM here that for e « 1/2 t» the .^ibttlt alterniitlve« 
It i s the ^eiball p.^ »^ '» n^iohie 6'l»«e to P»»?itlve iljqpoae&tial 
P»^*f«(hsme lifftaijlt ^ aieerisslnrte) «lwa*eri» for o ^ 2 
i t le the ?!eil^ll d«f• th£<t Is difficelt i^ ditrioleate trim 
that of ^,^«tiw> rxponexit^l, 
2*5, Go^tttatioHa FTooedggQ^ me eotqptrtational etepe 
fosr generati&|[ r^ndoa eb^f*tmtioiis froa Fj^ » the dietriboUon 
tmdief ^ e alt^natiire hjrpotheeie and testing for F^ » the 
distribution iifiderr the mi l h^otlio«ie» for <!if;ereat eanple 
eisdK arc as fol.lo»» { 
(!)• Bandea awsbinre P|^ « lPgf««*»?a ^''^ ^ (t«l) dietribotion 
< 8» ) 
r« @»iiQr^ t«d ( ^ oting » ipsTlAtiofi of iwibrfmtifift l^  Hill; 
mpplUA by Xm in Soimtiiia aaWmtim pm^mm)* 
(^1}« Corre!g{>(>i«ding to m^^h p t^ tllo ir»lo« of tbR> r»iidoffl Tarioblo 
^ ie olitainodl from l|^  l , o . x^^ *a*****^ '^**^  ol»t«liio4 actdi 
that ^i \ ) • P^ * * • lt2t««»»ft» 2^hie i» "^ oao |jy taklti^ s tho 
iixforot trocLiformUon of F^  l . o , x^ • ^^(l»j^)* 
( i l l ) * immBX&g ttet t ^ rt^ ades f^inl^lo X foUotre F^ t tho 
4l8tribotioa oiiaer H ,^ tbo protiabilitgr iBto^al trunnfornitloB 
io oate i*o« U|^  • ^0^^H A " l-f f •••§» ^^ oalooUto<i« Sinco Tf 
1B vtSauBma in tbo mai <!i«tritetloiit «« Ofsc i^B t , fhno 
(iT)» a|tB2t*««fi|i <^ ® arrtmseS It^  &so«iidiag or dor oo that 
•(1) S^2yS •^^S «(o)» ^ « «^*«« tt(o) - ^ ^«* »(ii^lf^-
ive oaloalato4« 
( n ) « 23irfei*oBt toot otifctiotioo oro obtaittod, (It mtr bo aotod bora 
tliot oil ttio otatistioo wi^m' oosiolderatioE oro oitli«? foBotloa 
( 85 ) 
of spaciage r^ or of th9 ytdb&hili^ liit«^*al tr&mteru 
o^«) A liort of tabl« look op io aade to eoapere theis with 
tholr oorresponaiBg orltlosl ipftloos (at imrlDtio l ew i s of 
olgnifioftiioo) ftnA tho rejeotlon of tb» Anil hypotbeolo i s 
nottd* 
1h' six fltopo aboiro «Mr« repoatod 10 0 titoest ^Q* 
annr^tli^ loco blf^terie«« Stor ^rwrj giynn n^ tor moh of tlio 
9 ototiotioo aaa for moh. « l«T«lt tho aaolbcr of hiotorioo 
that foil into ^ t erltieal rogion tn^ o rooordoa. Stiio nnflibor 
dlTldod by 10^ ^Y» an osllmto of tlui powr of QM toert, 
%• proo dir^ ' io boot WEplalfiOd by the miaerical osanplo 
glyOAf In OtOtioB 2,4f bOlOW, 
2.*. ^ lU^iffeTfti^^ i«^1l^t. 1 ^ 05, •? , 16. ?6. t7 . 74, 
12» 5€t 59 and 99 bo tO reindom oniB o^re iiot«a froa %blo of 
HendoB llii^«r« BlTioloii of tbooo iwabors by ICC lae^ o thoa 
ttnifOTB randoca neaiboro T?(Otl)* 
A raadoB si^ ai^ lo of eiso 10 ie obtalnod trpm F|^ »l«-«sp(«c^^) 
Ifene Pj^  • 1- OKp{««J'^ ) -iMi*) « | • (-l«f(l-p^»^. Hoaoo a 
( ©4 ) 
rftf»4o« eefl^le of atst 10 «n tb« baelp of %- i s tritn»foraistio& 
i s M^ •C»CK:'0928 t Kj •» 0.4O3OTO, Xj •» G.30559t % -2.056661, 
a j • ia«29^46» Xg • l,€9.4C07, x^ • C.Cl654lLt Xg •0.67i009t 
x^ • 0.697614 find X|^ Q » C•794947 &nA this Is fVoB s «»lball 
Assosing «!is imXl fajrpeths«i@ to bs tr»«i <j»« mmeamt thftt 
tlMos ebsE$rv!;iti<?C6 follow l o ^ U v o aEpoosnUal dietribotloa 
hdfido tlis prsbaMlilif iatsgral trp.iif?f»raatlGa ii|»l««ep(-«^/!(). 
It my bs atitea tt»st t » l*8704t»2 and ths probetbUity lJit«ir«l 
%raAfif(»rB0 (tmAsr H ) ?sre »j^  • 0,o C496t Iig • 0.193B56 t 
mj • 0»016ia» o^ • 0.663400, m^ • 0,99e6O3f u ^ 0.620971, 
a^ • 0.00869e, 11^  • 0.302364« o^ • 0.20^61 B^d ti|^ ^ • 0.346232. 
Arr&agUig thmtt in aocendiag ordar and d<^fiii|jig B/>>*o 
fliiid tt/.N « It we forn ^M tmlfcff*» aipaolngs a(3 i^ "^(i)'*^(l.l)f 
Vj • O.0OO496* Vg • 0. X®g02, Vj • G.CC7425t % • 0.177735, 
v^ • o.095^X)5, Tg • 0.0137r53t r^ • 0.04366©, TQ • 0.274739, 
r^ • 0,042429i n^ Q* 0.335203 aad 1^^ • O.OC1397. 
SEW, \ m I i f / 2 , 2^60X519^ 
( 85 ) 
^ r tt » lOf AM of this vtatisUe i s 2*9726 and 
s,D, • 0«l95650l»» ttoe tht aliaftdriiriflieA imlQ<i of this ststif^tic 
i s •2,779« siBos the mil hypo the si0t i^ ^^ s^ waSt i s to bs 
rsjsetsd whSR !^ is •too wall* ^M (l^-JS(1^))/fE(i^)/vli(o,l), 
i t i s s&«3r to ae« thnt H^  i s rsjsetsd for o; • 0«lO» r .o^ and 
U J. 
r^ JUdUiTly* f3 • I • { • 0,2524778 &m i t s * stands^iaod* 
^ Jpl * 
ifiltts i s 1,5678 whioh leads to th® accsptaiws of H^  "t ths 
ttor«< Isvels of aigaifiopiico O.lOt 0*05 aa^ l C.Cl (^ is to bo 
r«3«c%«d in tbl^oas© «rh«» fg i s •%©© large'). 
I *^ 
fwrthsr, 'Pj • - r. I Tj * l/(ii^l)j • C.5190455. Moaa 
and otajidard srxwr for ^iJi statiatle are «**^  • 0,567B79 and 
t^t<8o*^ • S^ '^^ VCn i^))* 0.075288. t^ io st«iifl drdiaod iralao in 
this mtm ia 2.065 whieh lo«>de to tho rojootion of B^  at 10 'y^  
aftd *^  ^ lev^lo of sii^sif ie&jieo hut acoopts !L at I >^  I owl 
of sipiifiQaii»e« 
Sisll&r i s ths i^ rooedors for othsr st«tistios, 
2.5. ffaelgfioiw. S l^ftos 5.1 * 4,5 girn tlw ostimtod 
( 86 ) 
po««r« of mriotis %«et9 for tajrloes (iU&U) oai^le 8ls«« 
and tbr«« Alffer«Bt levels of BlgRifimm^, BBllowlng facts 
ar« evlditat t^tm th« tat»l«s :« 
( ! ) • iiU 8tatle«tloe ba^ amXX pewore for tt * too saftll* • 
Cii)* 'Wmtrn imt%mm wltb n iiai for n « 20* those aro 
fatrlv high. 
( i l l ) * urn' a < to &na o »« 0»$ in Itin Jibuti altoraetUYO* tbo 
ItovForf of tbofiA s^tieUofi b^ ieod on iipcictlngo ax*@ hl|^«r 
%tma thoso based on probabillV Intoi^al tranaforMi« 
?lar n > 10 tho eltoation to roiwraod, 
(iir). ?or c » 2 in the %lb«ll ^Itflrnatlvo tbe porfonaaaea 
of t^9 at^tistiofi baaad on probnbuitsr iatagral 
tranafbm i» bett^ r^ than these ba«$od on q^cinga for 
a • 0*10 and 0»05» S^ a • 0«C1 all ai^ o agijal (or at tlata 
thoao \mmA on eitRclngs faro boet«r)« 
(• )• Iter 0 • 0,S in ^AiiboU altamaii^t «K>ot of tho strtiatioa 
«i3*o Uktikf to attain tht aBXiCBa povet (QBo) for flP30, 
3ttt flor 0 • 2» i t m^ not bo oo beftor« n > 30, 
( 67 ) 
fettstated ovmr of niasi Ooodaeea of - i t Sssts 
flypotbeffis : 
F^(x)»l«««p(«9?/ur)•( 6'oi&aoiitt)fFj^(xM-^aiJC-at^'^) 
a " 0,10 
A • 5 5 S to 12 1*} 20 
T^  .262 ,458 .585 ,647 .603 .7(£ .WS 
1^ .196 .5^0 .382 .•SJ .489 .5<»9 .647 
?3 .19© .339 .455 .523 .568 .6SI .741 
T^  .300 .480 .589 .673 .713 . T H .652 
Tj .371 .499 .57^ .615 .643 .t25 .795 
T^  .326 .4ae .609 .679 ,712 .794 .B98 
tj .000 ,139 .293 .4C>2 ,506 .625 .7B3 
fQ .042 .177 .301 .421 .lao .621 .762 
f j 473 .348 .525 .624 ,709 .805 .909 
iji,i. !• Illi.,i.i!»•••»•• w'T m i l ! • • - n i l ~-- ~— •— " " ' '—•~ 
( 88 ) 
SBtlamted Poir«r of Td,m Ctoo^ifiese of F i t 'SOBtm 
HypotliooiB : 
F^  (x) • I'-^Jt^ i^o )f ( ( 5 utknomn) ,F|^ (x >«l-««p ( - « ^ ^ ) 
a • 0.05 
a • 3 9 8 10 12 15 20 
\ •199 . 3 n .401 .557 .586 .684 .770 
Tg a50 ,249 .312 ,560 .i^j? .467 .559 
f j .154 .i^H .527 .401 .446 .542 ,650 
T^  .24© .405 . ^ 9 .597 .636 .726 .806 
Jg .302 .413 .478 .519 .553 .638 .719 
Tg .266 .429 .525 .605 .63€ .722 .800 
tiy .0C<^  .077 .197 .301 .377 .508 .672 
T^ .000 .C-aO. .2:7 .300 .3^5 .5(J6 .670 
t^ .119 .252 .429 .507 .60? .712 .850 
••M««»^MBiaMa«*anM*aMMBMMa«M»<M«*«a««ia»«nM«Man*M»aiMnaMB*iBaaa*r 
C 89 ) 
BstlOftted Pcwer ef IUM Qoodato* of l^ iLt i ^ t s 
» • 5 5 8 10 12 15 20 
\ .113 .234 .302 .380 .449 .527 . a 5 
^2 •^'^^ •^^ •^^^ •245 .291 .5^ 20 ,422 
5^ .67C) ,120 .1?5 .224 .265 .314 .427 
\ .180 .295 .404 .468 .511 .»53 .684 
$3 .223 .297 .317 .366 .418 .4€»4 .561 
f^ .109 .3€8 .388 .460 .506 .5CI6 .661 
ty .OCX) .016 .079 .114 .180 .263 .420 
.000 .025 .089 .151 .191 .281 .427 
f^ .036 .122 .231 .350 .417 .537 .692 
•MtaHMa»<M«»aBaMMMi«»«»aia«aaBaBia*«MMaMiaa 
( 90 ) 
^b le 4.1 
BBtia^ted pomrt of iae (l»eafi»98 of Fit feats 
HypotiiQflis ; 
a • O.IO 
ft" 5 5 0 10 12 15 20 
—1»••>»•>• • • « mmim immmtmmtm i m mwini •iinrw mm» •mm lai imm i« •••»——»IB<IIIIIM II»IIW— • m •iiiii«»>» 
•\ . o a »059 ,111 .185 *3t3X »ym ,405 
1?2 .OCiO .CO .068 .128 .176 .245 .598 
f j .000 .020 .om .124 .179 .245 .524 
T^ .051 .090 a53 .179 .193 .249 .316 
f^ .034 .065 .126 .190 .245 .322 .453 
f^  .042 ,084 .132 .193 . ^ a .290 .382 
fy .000 .024 .126 .227 .328 .466 .690 
f^ .000 . o a .195 .jm .549 .48o .673 
r^  .OCiO .002 .065 .145 .255 . ^ 3 .660 
( n ) 
t^hU 4.2 
Ee%iiK&l«d 'BomT of HlBt QftodOMie of Fit :^at9 
fijrpotlioflls : 
o « 0,05 
B « 5 5 8 10 12 19 20 
1!| .00? .021 .067 .100 .146 .188 .267 
fg .000 .Oft .032 .079 . l a .164 .297 
Tj .Of'C .C<^ .044 .070 . l i e .140 .217 
% .053 .056 ,084 .114 .135 .163 .221 
t j .017 .027 .079 .122 .172; .213 .338 
f^ .027 .045 .081 .115 .148 ,192 ,268 
ij .000 .COl .026 .'66 .124 .226 .436 
% .0€0 .011 .062 .135 .191 .286 .449 
t^ ,0ec .OC^ .006 .029 .06«> .165 .397 
< n ) 
'i::«tio .^teA pmmr of r^ lM Gooaiwes of Fit .'•sta 
aifpotlitals S 
» • 3 5 8 10 12 15 20 
fS| ,000 ,0C3 .019 .031 .053 .072 .137 
tg .0€0 ,000 ,006 .030 .050 .090 .176 
t j .000 .001 . o i l .016 .019 .041 .085 
f^ .017 .016 .031 .041 .046 .051 .097 
Uj .C02 .006 .027 .051 .074 .102 .168 
T^ .008 .011 .028 .040 .055 .068 ,132 
f- .0f)0 .000 .000 .000 .001 .009 .056 
f^ .000 .0€0 .003 .012 .018 ,045 .112 
J^ .000 .OCC .000 .000 ,000 .CC=3 .038 
n s F ;^  s s I c :. s 
HI AUBf ?»!. sad arfi»Bi,S.I».t?a.(l9?5): A« i^:^ to«lo dlttribetion 
of Itisdall i^torana StAtistio»Toor« I»<l.t}tf%t« 
A»iioe., 13$ 5>3tt 
ooeott tool* for I^>ononll^lil!3rt00»niifiioatod« 
15i ^6iB9 s«t. and Hisviy n,a*&*(l9ao) : on the olippag* isroblMi 
fer issiiiBtlvc Es^ oii&i:)tlfti dttt&ribiiti&ii ; 
Jour. PAM3, ?bl»:aJ. Ko,l*.2.rieptei3btr 
(% i ^ O R l ) . 
|4i Alfidd* 3,l»,Taqiib»l^ and nisvi«;%a.i\«<t9ac}) t On tbo ••timtion 
ttm over roportod data J Joer. iA?c«»«el, 5 . 
(lo a^poar)« 
191 aastt, A«P«(V)63) : (m> ooao toeto of hy|>ot|iesoe TOlritlog 
to %l&o aacpoamtlfiX d&frts^ *it)iitioB iihon »MO 
o&tliors aro proirsiill iloor*AB!^ «StBt«AM oe*« 
60, 548.^59. 
161 BBA Ifirio <197X) I # goedsiMo of f i t tovt bftoed on tho 
eipe i^ago of oeloetod ordor et; tlotleisjpb,!), 
tlao«l»,«Bliidttod to tlao CTadoato OOIIOH* of 
fKT'M k aad U trnllPtroilqr. 
( a ) 
te th9 raadon dlTioio^ ef «a interwi; 
iel BocrBbo»t H«(1966) t Sllppa^ t«8tf) ESrtb^Batioal a«ntr« 
|9l Fnr^ AOfif ^•S*(l$ei)l HiKth«8if«tieftl 3«taiti«tiea$ mn Voik* 
1101 09b«rt,J*B. waA Xa7.4»,B*E,(l9f>9) t OneJtoaM of f i t «••%• 
iMiiitft Oft ^nsrliilmtory Inforantion; 
StatletJk^ Bene* 10» l92-^;0« 
i l l I <:iroofiroo4t M*(194€)« tl» 9U.tii^iml sto^ sr of infoetlo • 
dlooftee; ^ear«Ho7»f^t6t«:^o.(^)9lo9» 
|12i HfirtUr»M«J» ft&A Eowsfe«rt^%f^«(l9t4)t en tk« OfBtUAtloD of 
iho Forcie law fron imdBi^ «rop<ir ea 
dKtfti J<^r, £eonoiaotrlo«,2t92t»Ml. 
{15i Xftlo«3,<C, ajia aoAiaft>««?«P«(19€7)$ A toat of DooOatM of f i t . 
i Hi ) 
th^ moo of powure of onlt frequoncty 
diffeK'^ 33B«»; *.»S, l«rth« 3tr^t,»2lt 
£6 van . 
|19| Kiraai4ts;«^«!T,A,(l973) t On @i fM^ dnoo® of f i t ««ot b«Md 
en mt&iA%m*n nm.euF9 of diotAiioOf 
iism. lost, Slat« M^tli,t£9t49>>50C, 
f i t tool* Waed oa apftcifipir'iaiikb^ (A) 
i l7 | 2A«r«att A.&ai9^3i){ Oonditiojai^ AifitritHttioii of •r6m 
Statiotieo oM distribution of the 
l i t 
rodtscod 1*" order 8*R{.i8tic of tho 
«xpo»aiitiel modtflt iuon, i^ ith«st&t«« 
34, e5a-S57. 
) ie | llaJmtS«H«^ a6dsiifcfir,H,E. aad 3lR3Diar«all&« j,li,(l!:>74) t ^tboto 
f^r stafisticai «kn«]^ oi« of roliibilitsr 
and l i fo dRto^  John filoy and Sono, 
iRe.s 'iJow York, 
( ! • ) 
\19\ Ptersofty I«(1900) ; Oa a crittrloA t^at & ir«t»K of 
deriviatioAt fro« tlui i»*obabl« in ifb9 
eas* df a oorrolnted xysteffi of tariablM 
lo 8u^ ^lat it oaA b« roftioiiabljr 
•oppoMd to bavo erioen in raadea 
•amptinst Fhil«llei3,t 5C, 157-175. 
120) F«8rsoo»S»S« and Bg^tlort H,0,(1972) I BioiBOtrika tabloo for 
Statisticians, ^ l« 2, 
121) ^srnaa* B.(195o) % ^ randott fariabio roletod to tho 
spaoiag of SM^lt maaos; Aim.ii&tli, 
Stat., 21. 559-561. 
